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CHAPTER 1

1.1 Introduction

In 2006 readers of Physics World! voted the
Maxwell equations as the greatest mathematical
equation(s) of all times. It topped a list, shown in
Figure 1.3, that included such better-known com-
petitors as Newton’s second law or Einstein’s fa-
mous E = mc?. But is this high standing justi-
fied? Probably yes. The Maxwell equations de-
scribe electromagnetic waves and their propagative
properties. The laws of electromagnetism in the
way that James Clerk Maxwell formulated them in
the second half of the 19th century — gave rise to ra-
diotechnology, from which information technology
later evolved. It would be very difficult today to
imagine the world without all the appliances, ma-
chines and technologies that are built on the prin-
ciples of electromagnetic theory and have such a
major impact on our lives. These include satellite
and stealth technologies, magnetic resonance imag-

BACKGROUND AND MOTIVATION

Figure 1.1: James Clerk Max-
well (1831-1879)

ing (MRI) scanners, various household appliances or even lightning localisation?

to name but a few. (See Figure 1.2.)

In truth, almost all of the laws of electricity and magnetism predate Maxwell’s
work. His contribution proved groundbreaking for two, strongly related, reasons.

Thttp://physicsworld.com/cws/home

’Tnsurance companies are especially interested in being able to determine where precisely a

lightning has struck
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Figure 1.2: A small selection of technologies that emerged in part thanks to the electro-
magnetic theory of Mazxwell. Starting from the top left corner and proceeding clockwise,
they show a satellite dish, a stealth bomber, a lightning strike (the technology involved is
the localisation of a lightning strike), a microwave oven and an MRI scanner.

First, by modifying Ampére’s circuital law, he established a link between the elec-
tric and magnetic fields that showed that the two are inherently intertwined. More
specifically, it shed light on the existence and nature of electromagnetic waves. Sec-
ond, he unified existing laws of electricity and magnetism in a single mathematical
framework, where the physical quantities are described as three-dimensional vec-
tor fields and their change in space and time can be represented by mathematical
operators. This allowed later researchers and engineers to use a whole set of math-
ematical tools in order to gain further insight into the electromagnetic phenomena
of nature and to make pioneering technological progress.

However, solving the Maxwell equations often proves to be a formidable task,
even when advanced mathematics is used. An exact solution is more often than
not unattainable and one has to resort to approximating the solution by means of
a numerical discretisation method instead. In broad terms, this thesis is about the
numerical discretisation of the Maxwell equations. There are various existing such
techniques with vast literature. Which one is best to use primarily depends on the
physical problem one needs to solve but also on other, less scientific, factors such
as tradition of a given scientific area. Out of the many numerical methods, this
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thesis focuses on the discontinuous Galerkin finite element method (DG-FEM), a
type of finite element method (FEM) that allows the discrete (i.e. approximating)
representation of the fields to be discontinuous. It is a relatively new computational
technology that for certain applications offers a number of advantages over existing
numerical methods.

The remaining part of this chapter reviews some of the basic concepts that
underlie the (DG-)FEM discretisation of the Maxwell equations. At this stage, the
emphasis is not on providing rigorous definitions and derivations that is left to
later chapters. Rather, the goal here is to give an intuitive overview of the Maxwell
equations and of the numerical discretisations that are most typically applied to
them, with the focus being on (dis)continuous FEM. The original research presented
in subsequent chapters is also outlined.

1.2 The Maxwell equations

We now recall the laws of electromagnetism, first as they were known before
Maxwell’s work and then in the form they took as a result of his work. See also
the excellent textbook [32] for an introduction to electromagnetic theory.

1.2.1 Laws of electromagnetism before Maxwell

There are a set of four equations that were later to be dubbed the Maxwell equa-
tions. At the time, however, they were only the principles of electricity and mag-
netism.

Gauss’s law  The electric flux through any closed surface is proportional to the
enclosed electric charge. One of the simplest applications of this law is to demon-
strate that a Faraday cage® blocks out external electric fields. Mathematically,
Gauss’s law in differential form is written as

V. (eE) = p, (1.1)

where the operator V- denotes divergence, F is the electric field and p is the electric
charge density. The material coefficient ¢ is the electric permittivity and assumed
to be piecewise constant throughout this thesis.

Law of magnetism Magnetic monopoles do not erist. As it will be appar-
ent shortly, this is the law that spoils the symmetry in the Maxwellian theory of
electromagnetism. It would seem very natural indeed if magnetic charges, just
like electric charges, existed. But despite unstinting efforts to identify magnetic
monopoles, they remain elusive. Mathematically, the differential form of this law
is written as

V. (uH) =0, (1.2)

3A Faraday cage is an enclosure formed by conducting material or by a mesh of such material
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where H is the magnetic field and the material coefficient p is the magnetic per-
meability. Just as ¢, it is assumed to be piecewise constant throughout the thesis.

Faraday’s law A changing magnetic field will create an electric field. This prin-
ciple is involved in the working of transformers, inductors, and many forms of
electrical generators. In differential form, it is mathematically formulated as

OH

VXE:—,U/E,

(1.3)
where VX is the curl (or rotation) operator and % denotes the partial time deriva-
tive.

Ampére’s law Flectric current generates a magnetic field. The most obvious
application of this principle is the way electromagnets operate. The mathematical
form reads

VxH=J, (1.4)

where J is the electric current density. In general, the current density takes the
form J = oF + Jg, where o is the electric conductivity and Jg is the density of
the external source current.

1.2.2 Laws of electromagnetism since Maxwell

Maxwell realised that the last of the above physical laws is not complete. Instead,
Ampeére’s law in the correct form should read: FElectric current generates a magnetic
field and changing electric field also generates a magnetic field. Mathematically, it
takes the form 9

VXH:J+6—E. (1.5)

ot

The significance of Maxwell’s correction lies in the fact that (1.3) and (1.5) now
represent the relation between the electric field E and the magnetic field H in
a dynamically symmetric way. This symmetry directly led to the discovery of
electromagnetic waves and to the realisation that light itself is an electromagnetic
wave.

Note that (1.1)—(1.3) and (1.5) do not constitute the most frequently cited
form of the Maxwell equations. That generally involves four equations with four
unknowns (see also Figure 1.3. Indeed, at first, (1.1) (1.3) and (1.5) may seem to
be overdefined. This is not the case, however, since as long as the initial condition
satisfies (1.1) and (1.2), the other two, time-dependent equations, (1.3) and (1.5),
guarantee that all four equations are satisfied at any later time.

Out of the many various physical processes that are described by (1.1)—(1.3)
and (1.5), the focus in this thesis is on electromagnetic waves. This involves the
simultaneous solution of (1.3) and (1.5),

OFE OH
EE_VXH7J7 }LW—*VXE, (16)
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under the condition that the two unknown fields satisfy (1.1) and (1.2) at initial
time. Assuming a sinusoidal wave solution, (1.6) can also be written as

iweE=VxH-J, iwpH=-VxUE, (1.7)

where w is the temporal frequency, i> = —1 and all fields depend solely on space.
Using straightforward substitutions, both (1.6) and (1.7) can be expressed as a
second-order differential equation, rather than a first-order system,

O*E _ oJ
egm TV X (b 'V xE) == (1.8)
Vx (p'VXxE)-ew’E = —iwl. (1.9)

The four different forms (1.6) (1.9) are mathematically equivalent at the con-
tinuous level. However, the properties of the discretised versions may be rather
different for the different formulations. In this thesis, we will discuss discretisa-
tions of three of the above four forms: (1.6) in Chapter 2, (1.9) in Chapter 4 and
(1.8) in Chapter 5.

1.3 Numerical approximation

We now give a brief overview of the most widely-used numerical approximation
techniques for the Maxwell equations. For this purpose, we consider the Maxwell
equations in the flux form
9q
Q(w)a—i—V-F(q) =0, (1.10)
where Q(x) represents the material properties, g is the vector of the field values
and F(q) = [Fi(q), F>(q), F5(q)]" denotes the flux. Namely,

T o E ] _ —eixH
Q(x) = diag (v, &x, &y ooy ooy fir) , g = [H} , Fi(g)= [ e, x E } ,

where e; is the corresponding Cartesian unit vector.

The general underlying idea is to replace the continuous fields in the Maxwell
equations with a discrete counterpart. The discretised version of the Maxwell equa-
tions is then possible to solve even if the (exact) solution of the original equations
is hard, or even impossible, to obtain. However, the discrete solution will only be
an approximate representation of the exact solution.

1.3.1 Finite difference method

Let us begin with the simplest and historically oldest method, known as the finite
difference method. In this approach, a grid is laid down in space and spatial
derivatives are approximated by finite differences. In the context of the Maxwell
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equations, the staggered grid method of Yee [86] has proved especially popular
thanks to the improved approximation properties provided by the staggering.

One of the most appealing aspects of this method is its simplicity. The dis-
cretisation of general problems and operators is often intuitive and it leads to
very efficient schemes for many problems. Furthermore, the explicit semi-discrete
form gives flexibility in the choice of time-integration methods if needed, and these
methods are supported by an extensive body of theory [36].

It is also, however, the simplicity of the inherently one-dimensional concept of
finite differences that is the main disadvantage of the method. It enforces a simple
dimension-by-dimension structure in higher dimensions, and introduces additional
complications around boundaries and discontinuous internal layers. This makes the
finite difference method ill-suited to deal with complex geometries, both in terms
of general computational domains and internal discontinuities. Changes to local
order and grid size to reflect local features of the solution is also problematic.

1.3.2 Finite volume method

The above discussion highlights that to ensure geometric flexibility, one needs to
abandon the simple one-dimensional approximation in favour of something more
general. The most natural approach is to introduce an element-based discretisation.
The computational domain is divided into a number of cells or elements?, organised
in an unstructured manner to fill the physical domain. In its simplest form, the
finite volume method approximates the physical field in each element by a constant.

The scheme is purely local and thus imposes no conditions on the grid structure.
In particular, all cells can have different mesh sizes. The flux terms F'(q) reduce to
pure surface terms by the use of the divergence theorem. This step introduces the
need to evaluate the fluxes at the element boundaries. In extremely special cases,
such as linear problems on equidistant grids, this method reduces to the finite
difference method. But the formulation is much less restrictive in terms of the grid
structure. The representation of solution values at the interfaces is a local procedure
and generalises straightforwardly to unstructured grids in higher dimensions, thus
ensuring the desired geometric flexibility. Furthermore, the construction of the
interface fluxes can be done in various ways that are closely related to the particular
equations [53, 79].

If, however, one needs to increase the order of accuracy of the method, a sub-
stantial problem may emerge in the classical finite volume approach®. In the simple
one-dimensional case, this can be done straightforwardly by extending the size of
the stencil. But in higher dimensions, extending the stencil reintroduces the need
for a particular grid structure and thus compromises the geometric flexibility of the

4These are typically triangles or quadrilaterals in two dimensions and tetrahedra, hexahedra
or prisms in three dimensions

5By ‘classical’ we refer to the approach where the fields are approximated by a constant in
each cell (or element). It is possible to include higher-order moments in each cell (or element)
and thus construct a compact-stencil high-order finite volume scheme. However, in that case the
final form of the discretisation is little different from discontinuous Galerkin schemes.
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finite volume method in higher dimensions. The main problem with the high-order
representation is that it usually needs to span multiple elements as the numerical
approximation of ¢ is given by cell averages only.

1.3.3 Finite element method

Rather than representing the numerical discretisation by cell averages, one could
be tempted to take a different approach and introduce more degrees of freedom
in the element. This is what happens in the finite element method where, similar
to the finite volume method, the computational domain is divided into a number
of possibly unstructured elements. Inside each element, we assume that the local
solution is expressed as the linear combination of locally defined basis functions.
With this local element-based model, each element shares the nodes with other ele-
ments. If we combine the elementwise approximations, we have a global continuous
representation of the unknown gq.

To recover a scheme to solve (1.10), we need to define the space of test functions,
and require that the residual be orthogonal to all test functions in this space. The
details of the scheme are determined by how this space of test functions is defined.
A classical choice, leading to a Galerkin scheme, is to require that the spaces
spanned by the basis functions and test functions be the same.

This approach reflects, in essence, the classical FEM and clearly allows different
element sizes [76, 87, 88, 89]. Furthermore, we recall that the main motivation
behind considering methods beyond the finite volume approach was the interest
in high-order approximations. Such extensions are relatively simple in the finite-
element setting and can be achieved by adding additional degrees of freedom to
the element while maintaining shared nodes along the faces of the elements [52].

However, there are drawbacks of the classical continuous finite element formula-
tion, for hyperbolic problems in general and for the Maxwell equations in particular.
First, the globally defined basis functions and the requirement that the residual be
orthogonal to the same set of globally defined test functions implies that the semi-
discrete scheme becomes implicit. For time-dependent problems, this is a clear
disadvantage compared with finite difference or finite volume methods.

Second, there is an issue that relates to the structure of the basis and is es-
pecially important for the Maxwell equation. That is, the original physical fields
E and H are not necessarily continuous. The Maxwell equations require the tan-
gential component of either field to be continuous, but there is no requirement for
the normal component. Representing these fields with continuous functions at the
discrete level may result in convergence to spurious, non-physical solutions. In the
finite element context, this problem can be solved by the use of a special type of
basis functions for which only tangential continuity is prescribed.

1.3.4 Discontinuous Galerkin method

An intelligent combination of the finite element and finite volume methods appears
to offer many of the desired properties. This combination is exactly what leads to
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the discontinuous Galerkin FEM [63, 20, 22, 4, 42].

In this approach, we maintain the definition of elements as in the finite element
and finite volume schemes. But in order to ensure the locality of the scheme, we
allow the variables located at each node to have multiple values — as many as
the number of elements the node belongs to. In each of these elements, we again
assume that the local solution can be expressed as a linear combination of locally
defined basis functions. The space spanned by these local basis functions is also
local and we now require that the solution be orthogonal to this local space. At this
stage, however, the discretisation is useless, since it does not allow one to recover a
meaningful global solution. Furthermore, the nodes at the boundary of the element
take values from multiple elements so uniqueness of the solution is not guaranteed.

To overcome these problems, we connect the elements through what are called
numerical fluxes. After integration by parts and the use of the divergence theorem,
these can be defined as unique values to be used at the interface and obtained by
combining information from both elements. The choice of the numerical flux is a
central element of the scheme and is also where one can introduce knowledge of
the dynamics of the problem in the numerical discretisation.

While the structure of the DG-FEM is very similar to that of the continuous
FEM, there are several significant differences. Most important, the mass matrix
is local rather than global and can be inverted at very little cost, yielding a semi-
discrete scheme that is explicit. Furthermore, by carefully designing the numerical
flux to reflect the underlying dynamics, on has more flexibility than in the classical
FEM to ensure stability for wave-dominated problems. Compared with the finite
volume approach, the DG-FEM overcomes the key limitation on achieving high-
order accuracy on general grids by enabling this through a local element-based
basis. This is all achieved while maintaining benefits such as local conservation
and flexibility in the choice of the numerical flux.

All this, however, comes at a price  most notably through an increase in
the total degrees of freedom as a direct result of the decoupling of the elements.
For linear elements in one dimension, this yields a doubling in the total number
degrees of freedom, compared with the continuous FEM. In higher dimensions, the
difference is even greater for linear basis functions. In certain applications, such
when the inversion of a discrete operator is needed anyway, this clearly becomes
an issue of significant importance. Furthermore, for problems where the flexibility
in the flux choice and the locality of the scheme is less important (e.g. in elliptic
problems), the DG-FEM is not as efficient as a better-suited method such as the
continuous FEM.

Nevertheless, the relative increase in degrees of freedom of high-order accurate
DG-FEM compared with classical H(curl)-conforming FEM is rather small. This,
together with the additional flexibility of DG methods, makes them an excellent
numerical technique for accurate discretisations of the Maxwell equations.
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1.4 Outline of the thesis

The remaining part of the thesis consists of four chapters. Each of these chapters is
an independent article that has been published in, or submitted to, peer-reviewed
international journals in the field of scientific computation.

In Chapter 2, different time-stepping methods for a nodal high-order discontin-
uous Galerkin discretisation of the Maxwell equations are discussed. A comparison
between the most popular choices of Runge-Kutta (RK) methods is made from
the point of view of accuracy and computational work. By choosing the strong-
stability-preserving Runge-Kutta (SSP-RK) time-integration method of order con-
sistent with the polynomial order of the spatial discretisation, better accuracy can
be attained compared with fixed-order schemes. Moreover, this comes without
a significant increase in computational work. A numerical Fourier analysis is per-
formed for this Runge-Kutta discontinuous Galerkin (RKDG) discretisation to gain
insight into the dispersion and dissipation properties of the fully discrete scheme.
The analysis is carried out on both the one-dimensional and the two-dimensional
fully discrete schemes and, in the latter case, on uniform as well as on non-uniform
meshes. It also provides practical information on the convergence of the dissipa-
tion and dispersion error up to polynomial order 10 for the one-dimensional fully
discrete scheme.

Chapter 3 describes the implementation details of a hierarchic H (curl)-conform-
ing tetrahedral basis in the finite element discretisation of the Maxwell equations.
This basis is especially useful in the development of p- and hp-adaptive methods.
It can in a natural way be applied to the Maxwell equations in both H(curl)-
conforming and discontinuous Galerkin finite element discretisations. Although
the construction of the basis is relatively well-known, it is essential that we draw
attention to a possible practical difficulty in the implementation of such a basis
for the H(curl)-conforming finite element method. This concerns one particular
type of basis function, the face-based bubble function, which is part of the basis
for polynomial orders p > 3. We show, through a simple example, that face-based
bubble functions do not, in general, transform from the reference tetrahedron to a
physical tetrahedron in a conforming way, even after the issue of orientation has
been carefully addressed. As a consequence, special care needs to be exercised
to guarantee the global tangential continuity required by the H(curl)-conforming
method. Once that is ensured, the finite element discretisation can be obtained
in two main steps. First, compute the discretisation for each element (and face
if DG is used), e.g. build the element (and face) matrices. Second, assemble the
local matrices into global ones which form the algebraic system or the system of
ordinary differential equations that are to be solved to get the discrete solution.

In Chapter 4, we provide optimal parameter estimates and a priori error bounds
for symmetric discontinuous Galerkin (DG) discretisations for the second-order
indefinite time-harmonic Maxwell equations. More specifically, we consider two
variations of symmetric DG methods: the interior penalty DG (IP-DG) method
and one that makes use of the local lifting operator in the flux formulation. As a
novelty, our parameter estimates bounds are i) valid in the pre-asymptotic regime;
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ii) solely depend on the geometry and the polynomial order; and iii) are free of un-
specified constants. Such parameter estimates are particularly important in three-
dimensional (3D) simulations because in practice many 3D computations occur in
the pre-asymptotic regime. Therefore, it is vital that our numerical experiments
that accompany the theoretical results are also in 3D. They are carried out on
tetrahedral meshes with high-order (p = 1,2,3,4) hierarchic H (curl)-conforming
polynomial basis functions.

Chapter 5 compares the discontinuous Galerkin finite element method (DG-
FEM) with the H (curl)-conforming FEM in the discretisation of the second-order
time-domain Maxwell equations with a possibly nonzero conductivity term. While
DG-FEM suffers from an increased number of degrees of freedom compared with
H (curl)-conforming FEM, it has the advantage of a purely block-diagonal mass ma-
trix. This means that, as long as an explicit time-integration scheme is used, it is no
longer necessary to solve a linear system at each time step — a clear advantage over
H (curl)-conforming FEM. Tt is known that DG-FEM generally favours high-order
methods whereas H (curl)-conforming FEM is more suitable for low-order ones.
The novelty we provide in this chapter is a direct comparison of the performance of
the two methods when hierarchic H (curl)-conforming basis functions are used up
to polynomial order p = 3. The motivation behind this choice of basis functions is
its growing importance in the development of p- and hp-adaptive FEMs. The fact
that we allow for nonzero conductivity requires special attention with regards to the
time-integration methods applied to the semi-discrete systems. A high-order poly-
nomial basis warrants the use of high-order time-integration schemes, but existing
high-order schemes may suffer from a too severe time-step stability restriction as
result of the conductivity term. We investigate several alternatives from the point
of view of accuracy, stability and computational work. Finally, we carry out a
numerical Fourier analysis to study the dispersion and dissipation properties of the
semi-discrete DG-FEM scheme and several of the time-integration methods. It is
instructive in our approach that the dispersion and dissipation properties of the
spatial discretisation and those of the time-integration methods are investigated
separately, providing additional insight into the two discretisation steps.
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The 20 greatest equations

The following equaticns are listed in order of
the number of pecple who proposed them,
Thefirst two received about 25 mentions
eachoutafatotal of about 120; the rest
recelved between twoand 10 each,
Equations are given, where appropriate, in
theirmaostcamman farm,

Maxwell's equations:

YV D=p

V:B=0

V xE=-dB/at

VxH=0D/at+J]

where Dis the displacemernt fizld,

E isthe electric field, B is the magneticflux
density; H is the magneticfield strength,

p isthefree charge density and Jis thefree
current density.

Eulers equation: e+ 1=0

MNewton's second law; F=ma
Fythagoras'stheorem: = 5% +c*
Schradinger's equation: H¥ =g

E=md?

Boltzmanneguation; S=kinW

1+1=2

Principle of least action; 85=0

De Broglie's equation: p=h"k

Fourier transformation

Einstein’s field equations far

general relativity: G, =8alGT,,
Circumference of a circle: C= 2mr

Dirac equation: iy - dy=my

Eulers “other” formula:CiEi= 1% p* - 11
Hubble equaticn:v=Hgd

Simplest ratio: 87b=o'd

[deal gas law: PY=nfT

Balmer series: 1/h=R{1/nf-1/n3)
Planck equation: E= hv

Figure 1.3: The twenty greatest equations based on the wvotes of the readers of
Physics World in 2006. This image has been downloaded from and is also available at
http://physicsworld.com/cws/article/print/20407.






CHAPTER 2

|

EDISPERSION AND DISSIPATION ERROR IN
HIGH-ORDER RUNGE-KUTTA DISCONTINUOQUS
GALERKIN DISCRETISATIONS OF THE MAXWELL
EQUATIONS

2.1 Introduction

As pointed out in an extensive review on the state of the art of computational elec-
tromagnetics [40], in many cases finite-difference time-domain (FDTD) schemes
[77, 86] are undoubtedly the most popular methods among physicists and engi-
neers to solve the time-domain Maxwell equations numerically. This popularity is
mainly due to their simplicity and efficiency in discretising simple-domain prob-
lems. However, their inability to effectively handle complex geometries prompted
some scientists to search for alternatives long ago. Finite-element (FE) meth-
ods are an obvious alternative, but early efforts were marred by the fact that
standard continuous Galerkin finite-element schemes give rise to non-physical so-
lutions. Most apparent of these are the spurious modes in the numerical solution
of the frequency-domain Maxwell equations (see [51] and references therein). The
revolutionary solution to this problem was to realise that by using a particular set
of vector basis functions (vector elements such as Nédélec or Whitney elements
[45, 59]), it is possible to mimic many of the special properties of the Maxwell
equations at the discrete level. See [8] and [9]. Ever since, vector elements have
been a viable alternative to FDTD and standard FE methods in computational
electrodynamics, especially for frequency-domain problems with complex geome-
tries. The practical considerations of both standard and vector finite elements
in computational electromagnetics are covered in [51]. For the more theoretical
aspects of Nédélec elements we refer to [56].
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The need to model electromagnetic wave propagation in large and complex do-
mains and over a relatively long time span has increased the demand for high-order
methods. However, neither high-order FDTD methods nor high-order vector FE
methods are devoid of practical drawbacks. High-order FDTD methods fail to ef-
fectively handle complex geometries whereas high-order vector FE methods (based
on high-order Nédélec elements [59] for example) lead to global mass matrices
with relatively large bandwidths (after optimal reordering). The time-integration
schemes to solve such systems are in turn computationally rather expensive. These
difficulties have motivated the development of discontinuous Galerkin (DG) finite-
element methods [20, 22|, together with spectral element methods [52]. In both
the frequency-domain formulation [43, 47, 60, 61, 81] and the time-domain for-
mulation [17, 21, 42, 57| significant progress has been made. One of the most
promising methods for complicated geometries is the high-order nodal DG method
of Hesthaven and Warburton [42], which proved both accurate and efficient for
the spatial discretisation. In time integration, however, the low-storage Runge-
Kutta (RK) method the authors applied poses a comparatively stringent time-step
constraint, which may turn out to be the bottleneck for long-time integration.
Furthermore, fixed-order time-integration schemes may spoil the high-order con-
vergence of the global scheme. In the meantime, for discontinuous formulations of
convection-dominated problems [22] it has been shown in [31] and in [17] that the
time-step restriction may be loosened if we use Strong-Stability-Preserving Runge-
Kutta (SSP-RK) methods of one order higher than the polynomial order of the
spatial discretisation.

In this chapter, we study the behaviour of the high-order nodal scheme when
several of the best-suited time-integration methods are used. In particular, we have
a closer look at the dispersion and dissipation properties of the Runge-Kutta dis-
continuous Galerkin (RKDG) method comprising the nodal high-order DG method
and the SSP-RK method. The main motivation for using this particular time-
integration scheme is its relatively weak time-step restriction. This property implies
that we can retain high-order accuracy without losing much on the computational
work measured as the number of operations.

The literature on the dispersion and dissipation properties of the DG method
has in recent years become abundant. A thorough analysis of the dispersion and
dissipation behaviour of the DG method for the transport equation (scalar linear
conservation law) was given in [1], which also provided a proof for earlier conjec-
tures, especially from [49]. The semi-discrete system for the wave equation has also
been extensively studied [3, 50, 71]. In particular, the authors in [3] provided two
different dispersion analyses for the semi-discrete wave equation on tensor product
elements. One for the interior penalty DG method (IP-DG) of the second-order
wave equation and another for the general DG method for a first order system.

The novelty of this chapter with regards to the dispersion and dissipation be-
haviour of DG methods lies in including the time integration in the analysis. We
consider the discretisation of the first-order system related to the Maxwell equa-
tions, so our scheme falls in the category of what the authors call the ‘general DG
method’ in [3]. Throughout this chapter we apply a fully upwinding numerical flux,
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since it has proved superior due to stabilisation and lack of spurious modes to the
centered or mixed fluxes for time-dependent problems [43]. In wave-propagation
problems it is often more advantageous to know the convergence rate of the disper-
sion and dissipation errors than that of the error in the Ly-norm. These convergence
rates have been established in [1] for the semi-discrete transport equation. For the
general DG scheme, to which the nodal DG method discussed here belongs, it has
been shown in [3] that using first-order polynomials in the spatial discretisation
results in a dispersion error of order O(h*) and a dissipation error of order O(h?)
for the semi-discrete system. In this chapter we show, through numerical examples,
how the dispersion and dissipation errors converge in the fully discrete high-order
RKDG scheme for the linear autonomous form of the Maxwell equations.

The remaining part of this chapter is outlined as follows. In Section 2.2 we
recall the system of time-domain Maxwell equations and reduce it to the linear
autonomous form. The spatial discretisation is briefly reviewed in Section 2.3 and
the RK schemes for the temporal discretisation in Section 2.4. One-dimensional and
two-dimensional Fourier analysis is carried out in Section 2.5, and the associated
numerical results, along with some other numerical tests, are presented in Section
2.6. Here we examine the behaviour of the dispersion and dissipation errors in
terms of the mesh size per wave length and the size of the time step. Finally, we
sum up our conclusions in Section 2.7.

2.2 Maxwell equations

We begin with deriving the dimensionless time-domain form of the Maxwell equa-
tions in the three-dimensional domain Q C R3. Boldface symbols here refer to
vector fields, i.e. fields in R® — R3. With these notations the Maxwell equations

read

oD 0B
E—VXH—J, E——VXE, (21)

V-D =y, V-B =0, (2.2)
with charge distribution g(x, t), position vector = (x,y, z) € 2, the nabla opera-

tor V = <8%7 a@, 8@> and time t. The vector valued quantities are the electric field
Yy’ Oz

E(x,t), the electric flux density D(x,t), the magnetic field H (x,t), the magnetic
flux density B(x,t) and the electric current density J(,t). For many applications
it is reasonable to assume that the materials are isotropic, linear and time-invariant.
Thus the system of equations is closed with the linear constitutive relations

D=c¢E, B=uH, (2.3)

where the scalar quantities e, (x) and u,(x) are the permittivity and permeability,
respectively. Furthermore, Ohm’s law

J=0F
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also holds with electric conductivity o(x,t).

To obtain the non-dimensional form of the Maxwell equations (2.1)—(2.2), we
first introduce tilded variables to represent the dimensional fields. The special
notations £y and fip stand for the dimensional permittivity and permeability of
vacuum. By using the normalised space and time variables

t

t=——,
L/

)

i &

with reference length L and dimensional speed of light in vacuum &, = 1/1/2p 10,
the physical fields are made non-dimensional through the relations

_J
Ho/L

E

E——,
ZoHy

H
H=2 7
Hy

Here Zy = +/ fip/&p and H, are the free-space intrinsic impedance and reference
magnetic field strength, respectively.

With the constitutive relations (2.3), equations (2.2) are just the consistency
conditions for (2.1). To see that point, we only need to take the divergence of (2.1),
apply (2.2) and (2.3) and realise that the resultant equation represents nothing else
but charge conservation, which should always hold. Consequently, as long as the
initial conditions satisfy (2.2) and the fields evolve according to (2.1), the solution
at any time will also satisfy (2.2). It is therefore enough to consider only

OF oH
ErE—VXH_Ja Mrﬁ——VXE7 (2-4)

in which the constitutive relations (2.3) are also included. As for the boundary
conditions, one important special case is that of perfect electric conductors (PEC).
These read

nx E =0, nx H =0, (2.5)

with outward pointing normal vector nn. Between material interfaces, in the absence
of surface currents and surface charge, the following conditions are valid

n x [E] =0, n-[e,E] =0, (2.6)
nx[H] =0, 7 [uH]=0,
where
[u] =u™ —u~

denotes the jump in the field value u. The expressions (2.6) represent the phys-
ical property that the tangential components of both fields are continuous across
different materials, whereas the normal components may be discontinuous.
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2.3 Discontinuous Galerkin discretisation in space

We approximate the solutions to the Maxwell equations in space using the high-
order nodal discontinuous Galerkin method introduced in [42] and further studied
in [43] and [81]. In the following we briefly review the main features of this dis-
cretisation.
We consider the Maxwell equations in the general domain Q C R? filled with
non-conductive materials (¢ = 0) and rewrite (2.4) in the flux form
9q

Q(m)a +V-F(q) =0, (2.7)

where Q(x) represents the material properties, g is the vector of the field values
and F(q) = [Fi(q), F»(q), F5(q)]" denotes the flux. Namely,

. E —e; X H
Q(x) = diag (v, &r, Ex flay s fr) , g = {H} , Fi(g) = [ e x E } ,

where e; is the corresponding Cartesian unit vector. We seek the numerical solution
in the computational domain Qg tessellated into K non-overlapping elements, i.e.

K
O~ Q= |0k

k=1
Here Q represents a tetrahedral tessellation in three dimensions and a triangular
tessellation in two dimensions.

Before formulating the discontinuous Galerkin discretisation, we introduce the

standard (or reference) element )y = 7¢ for different spatial dimensions d. These
are defined as

T'={¢ —1<¢<1}
in one dimension,
TP ={&=(&m): —1<&m, 40 <0}

in two dimensions and

73:{52(&77’01 _1§§>777C7 §+77+C§_1}

in three dimensions. Each element QF is constructed by the invertible mapping
Xk (€): Qy — QF, which is unique for any given element. For details see the
extensive book [52]. We now define the finite element space as

Vi = {di € ()

where L?(€) is the space of square integrable functions on Q and Pg () denotes
the space of d-dimensional polynomials of maximum order p on the reference ele-
ment (. Since this polynomial space is associated with

(n+d)!
nld!

gl (XF(©) e PUQ), k=1,... ,K} : (2.8)

N =
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nodal points &; € (s, we can now introduce the multidimensional Lagrange poly-
nomials L;(&) passing through these nodes:

1 ifi=j
Li(&:) =6, with 6, = ’
Z(&]) 17 () {0 ifl#j.
Taking the Lagrange polynomials as trial functions and using the mapping X*(¢),
we approximate the solution at the IV nodal points within each element as

N
¢ (@) = ah(@.t) = 30 ak(0) (Li@))™ € PO,

where g% (x,t) is the finite element approximation, and q¥(¢) represents the solu-
tion at nodal point x; € QF.

The distribution of the nodes is a key issue for the properties of the interpo-
lation, especially for very high-order approximations. It is best measured by the
Lebesgue constant associated with the Lagrange polynomials going through a par-
ticular set of nodes. The Lebesgue constant shows just how close a given polynomial
approximation is to the best polynomial approximation. The most popular choices
for nodes in spectral /hp element methods are the Fekete points [78] and the elec-
trostatic points [39, 41]. It should be noted that although the Fekete points have
the best interpolation properties (lowest Lebesgue constant) in a triangle for or-
ders p > 9, no distribution for a tetrahedron has so far been provided. An (almost)
optimal distribution of the electrostatic nodes, however, is given for a triangle in
[39] and for a tetrahedron in [41]. Moreover, the electrostatic points also perform
slightly better for orders p < 8 in triangles. The distribution of these nodes in the
standard triangle is shown in Figure 2.1 for orders p = 2,4,6,10. We also note
that the nodal distributions in a triangle and tetrahedron with an L?-norm opti-
mal Lebesgue constant were determined in [18] and [19]. However, these nodes, in
contrast with the Fekete and electrostatic points, do not have an edge distribution
which can be identified with Gauss-Lobatto-Jacobi points. We refer to [52] for
further overview on nodal (and modal) spectral/hp methods.

To formulate the discontinuous Galerkin scheme, we first introduce the local
inner product and its associated norm on QF as

(ol = [ wvde, ullh = (@ ulo
Ok
and on its boundary 9QF as
(u, ) y0n :/ u - vds.
o0k

We multiply (2.7) with the local test function ¢ € PZ(QF), chosen to be the same
interpolating Lagrange polynomials L;(x) for the trial basis functions, drop the
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superscript k and integrate by parts over element QF to obtain the continuous
weak formulation

0
(Q(;’(b) —(F,V)gr = — (- F, ) pq, Q" C Q. (2.9)
Qk

We then replace the continuous variable g with its discrete counterpart qp, and
the exact flux F' with the numerical flux F' to account for the multi-valued traces
at the element boundary. Finally, integration by parts for the second time results

p=2 p=4
N ;6 T T T T ; ;ﬁ T T T ™
0.8¢ 1 0.8 1
0.6} { o6 " " ]
0.4t 104t ]
0.2r 0.2 J
Or * * Or * * * 1
-0.2f 1 -0.2f 1
-0.4r 1 -0.41 ]
* *
0.6 | 08 , N ]
-0.87 1 -0.8f 1
—1F * * * —1F * * * * * 4
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
p=6 p=10
e s, *
*
08r* * 0.8 + =« 1
*
0.6f * 0.6 « * 1
* * *
0.4 0.4 * * ]
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Figure 2.1: Electrostatic points for orders p = 2,4,6,10
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in the discrete formulation

(Qan +VFN,¢) = (a- [P - F] ,¢)3Qk. (2.10)

The right-hand side of (2.10) is responsible for the communication between

Ok

the elements through the numerical flux F. The role of the numerical flux in
the present spatial discretisation is discussed in [43] in the light of the Maxwell
eigenvalue problem. Throughout this chapter, we use the upwind flux [55], where
information travels along local wave directions.

In order to formulate the upwind flux, we first introduce the impedance Z and
the conductance Y defined as

Z=Y"'= /e

We also introduce the associated quantities

1 i _ Z+Zt Y 4Vt
+ _ _ r _ —
4 e e’ 4 2 Y 2

The upwind flux at dielectric interfaces then reads as

= {Z 1(—n><Z Hy-nxZTHj +nxnx[Ey]) (2.11)
5 :

=gy (AXY Ey+naxYTEL+nxnx[Hy])

where (Ez_\mHz_\r) and (E]"\',,H?\',) denote the local and neighbouring solution at
the boundary of QF, respectively. We emphasise that the cross product is defined
between vectors at each node of the element. For a detailed derivation of the
upwind flux we refer to [55]. We should also recognise that

ﬁ~FN[_nXHN]

nxEy
and combining this with (2.11), the penalising boundary term will now read

) =N 1 [ Z Y (Ztax[Hy]-n xnx [Ex])
- (FN - F) = 5 [Y—l (_Y-i-,fLXX [[EJ;’VH —'f),>§< ’fb>; [[I{NN]])

To obtain the semi-discrete system we introduce the N-by-N local mass and stiff-
ness matrices as

= (Li(®), Lj(®))qr» 83 = (Li(®), 0L (®))qp (2.12)
= (Li(x), 0y Lj(x)) g, Sij = (Li(®),0:L;(®)) g

and the face-based mass matrices

Fu = (Li(@), Li(@)) g (2.13)
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where the second index is limited to the boundaries of QF.
We can now express the semi-discrete scheme as the following system of ordinary
differential equations

ddEtN =(e,M)" " (SYH% — S*HY)
1 N Z+[[HN]]—ﬁXHEN]] z
+ (e:M) F(nx A= ,
o0k
Y
S (M) (87, - 87 HR)
R 2.14)
(. Z*[Hx] - x [Ex]\" (
+ (e:M) F(nx o= ,
o0k
E% _
ddtN = (&:M) ™" (S"HY — SUHY,)
-1 N Z+|IHN]]7’I¢I,X|IEN}] i
+ (e:M) F<n>< = ;
o0k
HE _
ddtN =(&:M) ™" (S"E% — SYER)
(. YT[EN]+7nx[Hx]\"
+ (e:M) F<n>< vy ,
o0k
Hy
YN ) (7B -8B
R 2.15)
(. YT[EN]+nx[HN]\Y (
+ (e:M) F(nx Vv ,
o0k
N ) (svBg - 5B
_ Y+[[EN]]+fLX|IHN]] #
M) 'F (n

Here the fields E%, EY,, E%, HY, HY, and Hf represent the discrete counterparts
of scalar fields. That is the reason they are not typeset boldface, despite now
being in fact vectors as a result of the discretisation. In contrast, we evaluate the
numerical flux in the right-hand side of (2.14)—(2.15) at each node at the boundary
of the element using the discrete counterparts of vector fields. Then at each node
the corresponding component of the resulting vector is taken.

The advantages of the above described discretisation are discussed in detail in
[42] and [81], where a number of numerical examples are also provided. Here it
suffices to mention its optimal flexibility for mesh refinement, the possibility of
independent adjustment of polynomial orders in each element (hp-adaptation), its
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excellent performance on parallel computers and that only matrix-matrix multipli-
cations are needed during the time integration. In this chapter, however, our aim is
to analyse the properties of time -integration methods suitable for this spatial DG
discretisation, therefore we assemble the local semi-discrete system (2.14)—(2.15)
into a global matrix and consider the ‘abstract’ semi-discrete system

dgy,
] 2.1
dt Aqh7 ( 6)

where A is the global matrix and q,, = [E, H h]T represents the numerical approx-
imation to the fields in the complete domain. The matrix assembly is somewhat
lengthy but straightforward, and it follows the standard procedure. See [52] for
example.

2.4 Runge-Kutta time-stepping methods

From the point of view of time integration, one of the main difficulties in high-
order spectral/hp element methods is the restriction on the time step of explicit
time-integration schemes. For hyperbolic systems in general, and for the advection
equation in particular, it is known (see [52], for example) that the maximum eigen-
value of the semi-discrete global matrix grows as O(p?) with polynomial order p,
hence the time step is usually bounded by O(1/p?). The time-step restriction then
can generally be taken as

At < Atpayx = CFL(p)iC’—’“, (2.17)
k

where hj is the minimum edge length of all elements and c¢j is the maximum
wave speed in the domain. Here the parameter CFL depends on the degree of
the polynomials used in the spatial discretisation. If we apply any given time-
integration scheme with fixed order (i.e. independent of the polynomial order p)
to the semi-discrete system (2.16), we have

CFL(p) =C ]%, (2.18)
where C is a constant, typically of order one. This condition may turn out to be
rather restrictive as we go to higher and higher order approximations, even with a
slightly increasing value for C (see Section 2.6).

The low-storage Runge-Kutta schemes introduced in [16] are among the most
popular choices for time integration of the DG space-discretised Maxwell equations.
Storage can be essential for large-scale computations and low-storage schemes re-
quire only two storage units per ODE variable. If we consider the ODE system

du
i L(w), (2.19)
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Table I: Coefficients of the fourth-order five-stage low-storage Runge-Kutta method

1 a; b,

1 0 0.14965902199923
2 —0.41789047449985 0.37921031299963
3 —1.19215169464268 0.82295502938698
4 —1.69778469247153 0.69945045594912
5 —1.51418344425716 0.15305724796815

the general m-stage low-storage Runge-Kutta scheme [84, 16] can be written in the
form

u® =", 0@ =0,

v = a0 + AtL(WY), i=1,...,m, (2.20)

u® =407 +biv(i), i=1,...,m,
un—i—l — u(m),
where only v and an auxiliary variable v must be stored. The coefficients a; and b;
have been determined for a number of different low-storage Runge-Kutta schemes.
See [16] and [30] for more details. In this chapter we consider the fourth-order
five-stage low-storage scheme also applied in [42]. The coefficients we use are listed
in Table T.

One possible way to achieve a weaker time-step restriction is the application
of SSP-RK schemes. In [31] it was shown that for the linear autonomous system
(2.19) the class of m-stage linear SSP-RK schemes, given recursively by

u© =",
ul =Y ALY, =1, m -1 (2.21)
m—2
W™ = 37 g pu® + gy (w70 4 AL
k=0
unJrl _ u(m)
where a9 = 1 and
1
Qmk = 2 Cm—1 k=1, kE=1,....m—2
1 m—1
QAm,m—1 = —, Qmo =1— Zamk,
k=1

are mth-order accurate. This was extended to linear non-autonomous systems by
Chen et al. [17]. In that work the authors demonstrated that when applied together



30 Chapter 2: Dispersion and dissipation in the nodal approach

with the classical discontinuous Galerkin method [20, 22], the SSP-RK scheme gives
(p + 1)st-order convergence with the stability bound
1

CFL(p) =C i1

(2.22)

with C =1, as long as for a given spatial discretisation of polynomial order p, the
corresponding SSP-RK method has order p + 1. The stability regions of several
SSP-RK methods and the low-storage five-stage fourth-order Runge-Kutta method
are displayed in Figure 2.2.

2.5 Analysis of the dispersion and dissipation error

A critical factor in the numerical simulation of wave-propagation is the artificial
dissipation and/or dispersion inflicted on the waves due to numerical discretisation
errors. In order to analyse these properties of the different schemes, we resort
to the one-dimensional and two-dimensional forms of the Maxwell equations with
periodic boundary conditions. First, these reduced models are formulated and then
we perform a numerical Fourier analysis of the fully discrete schemes to investigate
the dispersion and dissipation errors as a function of mesh size per wave length
and time step. This analysis provides important information on the accuracy of
the schemes regarding wave motion and the relation between time step, mesh size
and polynomial order.

2.5.1 Wave equation in one and two dimensions

The Maxwell equations in one dimension read

OE  0H OH  OE

Srg =~ ‘Urﬁ =~ (2.23)
or they can be expressed by the wave equation
PE L827E -0
o2 e pp Ox? ’
in the domain Q C R. In conservative form (2.7), this reads
Q%‘Z +V-F(q)=0 (2.24)

with
Q = diag(EmMr)a 9= |:fEI:| ’ F(q) - |:IE{:| .

For the two-dimensional analysis we take the transverse magnetic (TM) polarisation
of the Maxwell equations
OH* OFE*

Hr ot ay
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Figure 2.2: Stability regions for the five-stage fourth-order Runge-Kutta method (top
left) and for five different SSP-RK methods of order m = 3,4,5,6,7
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OHY  OE*
oo = oz
OE*  9HY 9H"
ot Ox oy’

Er

which is again equivalent to the second-order wave equation,

O FE* 1
— — ~ V?’EF=0.
ot2? Erfly

Thus we arrive at the first-order system (2.7)

0
Qa—‘tl +V . F(q) =0, (2.25)
with
H* 0 —F*
Q = diag(py, pir, 1), q= |HY|, F(q)= |FE*? 0
E? HY —H*~

2.5.2 Dispersion and dissipation analysis of the global
scheme

For the analysis of the fully discrete schemes, we consider (2.24) and (2.25) in the

domains Q = [~1,1] and Q = [—1,1]?, respectively. Furthermore, we use uniform
meshes and assume that the boundaries are periodic.

One-dimensional Fourier analysis

We are primarily interested in wave propagation and in the associated dispersion
and dissipation error of the RKDG scheme. We consider the one-dimensional semi-
discrete scheme (2.16)

dgj, _
T Agqy,
in the domain = [—1, 1] filled with vacuum (or air) and assume a monochromatic

plane wave (which is also a Fourier mode)

0,(0) = g} = [e, et

as initial condition. Here, x;, represents the vector of the nodes used for the spatial
discretisation. We denote the angular wave frequency with w. The exact wave
number k is given by the dispersion relation k? = w?/c?, with ¢ being the speed of
light. The time-exact discrete Fourier mode at time level t,, = nAt will read

a,(nAt) = v"q, (0) = e WAt [elhon e””h]T (2.26)
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with exact amplification factor v = e "2 and i2 = —1. To see the effect of

the time-stepping method, we replace the exact amplification factor v” with its
discrete counterpart v} and take the fully discrete Fourier mode as

ap = vpq) = v [ehon, eken] T (2.27)

In addition, we write the SSP-RK scheme as a two-level explicit scheme. Thus

;"' = Baj, (2.28)
holds with amplification matrix
L1
B= Zﬁ (AtA) (2.29)
1=0

and with m being the order of the SSP-RK time-stepping scheme. Substituting
(2.27) into (2.28) results in the equation

Z/;LL+1 [eikgch7 eikxh]T — BV}? [eikxh, eik:ch]T

)

which, after division with v}’, reduce to the eigenvalue problem
v}, = B (2.30)

Solving this eigenvalue equation will produce p + 1 different values for v, ; (and as
many corresponding eigenvectors g9 j). Bearing in mind that

Vh,j = eii&h’jAtv
with complexr numerical frequencies @y, j, we can establish the dispersion and dis-
sipation properties of the scheme. For that, we consider the real (for disper-

sion) and imaginary (for dissipation) parts of the complex numerical frequencies
‘Dh,j = (I/At) In Vh,js that is

Wh,5 = Re [L:Jh,j] = Re [(I/At) In Vh,j] , Ph,j = Im [a)hJ] =Im [(I/At) In l/h7j] 3

with real numerical frequency wy, ; and numerical dissipation pj, j, both correspond-
ing to the eigenvalue v, ;. One of the computed modes will be close to the frequency
of the physical mode. This represents the approximation properties of our scheme.
The other modes are spurious. To decide which eigenvalue should be considered,

we define the dissipation error as errziis = |pn,j| — 1 and the dispersion error as the

. . di
absolute value of dispersion error err), “P = |w — wy, j|. The numerical Fourier mode

is now taken as the closest eigenvalue ’ro the physical mode

2 12
Uy = {Vh,j: min \/<err21;p) + (err%‘?s) } : (2.31)
; :
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In the numerical dispersion and dissipation analysis of the fully discrete schemes,
we consider a wide range of values for At and hy. The eigenvalues of (2.30) are
computed in Matlab.

It is also important to consider the convergence of the numerical dispersion and
dissipation error. In [1] a complete dispersion and dissipation analysis of the semi-
discrete advection equation was carried out for discontinuous Galerkin methods
with high-order tensor-product elements. In that chapter it was proven that in the
asymptotic region hk = @ — 0 (with X being the wave length) the dispersion
relation for a pth-order method is accurate to order 2p + 3 for the dispersion error
and order 2p + 2 for the dissipation error. See [49] and [1] for more details. In a
more recent work [3] the dispersion and dissipation analysis of the semi-discrete
wave equation was provided for some low-order schemes (linear elements for the
general DG and up to third order elements for the IP-DG) and the authors also
conjectured on how the results would extend to arbitrary order elements. For the
fully discrete system we consider here, the rate of convergence is also influenced by
the time-stepping method. However, for most polynomial orders p, the convergence
of the dispersion and dissipation error still by far supersedes that of the error

measured in the {2-norm. The numerical results are discussed in Section 2.6.

Two-dimensional Fourier analysis

As in one dimension, we assemble our right-hand side into a global matrix and
consider the abstract Cauchy problem (2.16)

where now g = [Hf, Hy Eﬁ]T and the matrix A represents the semi-discrete system
resulting from the discretisation of (2.25). The only difference in the mathematical
formulation to the one-dimensional case is that the dispersion relation now reads
k2 + k2 = w?/c®. The time-exact discrete Fourier mode satisfying (2.25) is equal

to

1" (232

qZ, —n [(ky/w) eikmzh+ikyyh7 (_kx/W) eikmzh+ikyyh,7 eikmm;L+ikyyh,
in the two-dimensional domain Q = [~1, 1]?. From here we follow exactly the same
line as in the one-dimensional case. As initial condition we take a monochromatic
plane wave with different wave numbers k, and k, between which the relation
ky = 2k, always holds. This represents a monochromatic plane wave travelling at
an angle of about 26.565° against the z axis. As in one dimension, a range of values

of At and hy, are considered. We note that for computing the matrix exponential
in (2.29) the simple Horner’s rule is applied (see [28] for example).



2.6 Numerical results 35

2.6 Numerical results

2.6.1 One-dimensional cavity

In order to investigate if the SSP-RK scheme retains the high-order convergence of
the spatial discretisation [42], we consider the one-dimensional cavity problem in
the domain x € [—1, 1], with two different non-magnetic (py 1 = pr,2 = 1) materials.
The material interface is situated at x = 0 and the two different materials have
a relative permittivity of €,; = 1 and e, 2 = 2.25, respectively. The error is
measured against the exact solution, which is included in the Appendix. We set
the frequency of the wave at w = 27, the same throughout the whole domain,
which entails the corresponding wave numbers ki = 27 and ke = 37, respectively.
In Table IT we show the ls-error ||gn — Qexacill @t final time 7" = 1 for different
orders of the local polynomials. For the time integration, we use the (p + 1)st-order
SSP-RK method (2.4) with corresponding maximum time step (2.22). We can see
that in the asymptotic region hk < 1, (p + 1)st-order convergence is achieved for
polynomial orders p in the range of 1 < p < 9.

In the next example we compare the performance of the two different time-
integration schemes defined in Section 2.4. We also include the ubiquitous standard
fourth-order RK scheme as a reference. The constant in the time-step restriction
(2.22) of the SSP-RK schemes is set to C =1 for all values of polynomial order p.
For the low-storage Runge-Kutta scheme and the standard Runge-Kutta scheme,
we use the value C =1 in (2.18) for p < 5, and the value C = 2 when 5 < p < 10.
We consider the same cavity, but now filled with vacuum (or air) and integrate
for a relatively long time, until 7" = 1000 time periods. The results are shown in
Table III for different orders and different number of elements. We measure the
computational work as the number of operations, which is simply computed as

ops = Nt m,

where N7 is the number of time steps needed until final time T', and m represents
the number of stages in a given RK scheme. For each RK scheme we use the
corresponding maximum time step defined in Section 2.4. The test was carried out
for orders p = 3, p = 6 and p = 10. Significant differences in accuracy, up to O(4),
occur between the schemes for orders p = 6 and p = 10. For each order, we include
two subtables, one for a relatively fine spatial grid and one for a comparatively
coarse one. The most favourable characteristic of the SSP-RK schemes is that the
better accuracy occurs without significant—or indeed, any—increase in the number
of operations.

Perhaps even more illuminating is to see how much computational work is
needed to obtain a given accuracy. In Table IV we show the number of operations
necessary to achieve the error [2, = 1075 at final time 7' = 1000. The comparisons
of the different time-integration schemes are made for fixed polynomial order and
spatial mesh, so that only the time step was lowered in order to decrease the errors.
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Table II: Convergence of the global error for the one-dimensional metallic cavity filled
with two different materials. In each case the (p + 1)st-order SSP-RK scheme is applied.

p=1 p=2 p=3
[2-error Order [2-error Order [2-error Order
Ng =2 1.7557E-00 2.5843e+00 1.3544E-00

Ne =4 1.5732E-00 1.5840 7.9723E-01 1.6967 2.0100E-01 2.7524
N =8 8.4106E-01  9.0339 1.0048E-01  2.9880 1.7313E-02 3.5372
Ne =16 1.9518E-01 2.1074 1.4226E-02 2.8204 1.1295E-03 3.9382
Ne = 32 3.8904E-02  2.3268 1.8855E-03 2.9155 6.8300E-05 4.0476
Ne = 64 9.0807E-03  2.0990 2.3897E-04 2.9800 4.3243E-06 3.9813
Ne =128  2.2310E-03  2.0251  2.9985E-05 2.9945 2.7049E-07  3.9988
Ney =256  5.5755E-04 2.0005 3.7547E-06  2.9975 1.6909E-08  3.9997
Ng =512 1.3944E-04  1.9995 4.6972E-07  2.9988 1.0568E-09  4.0000

p=4 p=5 p=6
[2-error Order [2-error Order [2-error Order
Ng =2 7.7746E-01 2.7975E-01 1.6624E-01

Ne =4 5.7034E-02  3.7689  1.0551E-02 4.7286 1.8202E-03 6.5130
Ne =38 1.9711E-03  4.8548 2.0173E-04 5.7089 1.6440E-05 6.7907
Ne = 16 6.5391E-05 4.9138  3.1504E-06  6.0007 1.3514E-07  6.9267
Ng = 32 2.0736E-06 4.9789 4.9661E-08 5.9873 1.0574E-09 6.9978
Ng = 64 6.4733E-08  5.0015  7.7594E-10  6.0000 8.3515E-12  6.9843
N =128 1.9895E-09 5.0240 1.2161E-11  5.9956

N =256  6.2218E-11  4.9989  2.7547E-13  5.4642

p="7 p=38 p=9
[2-error Order [2-error Order [2-error Order
Ng =2 1.4124E-02 1.5533E-02 7.3602E-04

Ne =4 2.7117E-04  5.7028  3.7314E-05 8.7014 4.4752E-06 7.3616
N =8 1.2568E-06 7.7533  8.2859E-08 8.8149 4.9118E-09 9.8315
Ng =16 5.0129E-09 7.9699 1.6508E-10 8.9714 4.9240E-12  9.9622
Ng = 32 1.9730E-11  7.9891 3.2760E-13  8.9770

2.6.2 Numerical dispersion and dissipation error

To conduct the dispersion and dissipation analysis described in Section 2.5, we carry
out two types of experiments. First, we consider the convergence of the dispersion
and dissipation errors in one dimension. The polynomials we apply for the spatial
discretisation range from p = 1 to p = 10, and for the time discretisation we use the
corresponding (p+1)st-order SSP-RK scheme (2.4) with maximum time step (2.22).
Because the actual errors may be rather small for large values of p, we increase
the wave number (thus decrease the wave length) for higher-order polynomials.
Consequently, the following wave numbers are used in our one-dimensional Fourier
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Table III: Errors and computational work when different time-stepping schemes are ap-
plied to the cavity problem with polynomial order p, number of elements Nei and degrees

of freedom DoF after integrating over T = 1000 time periods

p =3, Nog =40 (DoF = 160) At = Atyax ops [>®-error 2-error
SSP-RK4 7.1428E-03 560004 4.2370E-04 2.1220E-04
Carpenter&Kennedy 5.5555E-03 900005 6.2719E-05  3.1442E-05
Standard RK4 5.5555E-03 720004 1.5559E-04 7.7676E-05

p =3, N =20 (DoF =80) At = Atyax ops [>®-error 2-error
SSP-RK4 1.4286E-02 280004 6.6828E-03 3.3938E-03
Carpenter&Kennedy 1.1111E-02 450005 9.5898E-04 5.2903E-04
Standard RK4 1.1111E-02 360004 2.4328E-03 1.2492E-03

p=06, Noy =12 (DoF =84) At = Atmax ops [*°-error 2-error
SSP-RK7 1.2820E-02 546007 1.5364E-07 6.4372E-08
Carpenter&Kennedy 9.2592E-03 540005 4.7966E-04 2.3993E-04
Standard RK4 9.2592E-03 432004 1.1982E-03 5.9976E-04

p=06, Ng=6 (DoF =42) At = Atyax  ops [°°-error [?-error
SSP-RK7 2.5640E-02 273007 1.7646E-05 8.0618E-06
Carpenter&Kennedy 1.8518E-02 270005 7.6505E-03 3.8385E-03
Standard RK4 1.8518E-02 216004 1.9066E-02 9.5896E-03

p=10, Ng =4 (DoF =44) At = Atpax ops [>-error {2-error
SSP-RK11 2.3810E-02 462000 1.9624E-08 9.7129E-09
Carpenter&Kennedy 1.0000E-02 500000 6.5246E-04 2.6565FE-04
Standard RK4 1.0000E-02 400000 1.6297E-03 6.6450E-04

p =10, Ny =2 (DoF =22) At = Atpax ops [*°-error [?-error
SSP-RK11 4.7619E-02 231000 3.3137E-06 3.2341E-06
Carpenter&Kennedy 2.0000E-02 250000 1.0199E-02 4.5032E-03
Standard RK4 2.0000E-02 200000 2.5387E-02 1.1272E-02

analysis:
T iftp=1,2,
o if p = 3,4,

4 if p=1>5,6,7,
8t if p=8,9,10.

The errors, defined in Section 2.5, and the rate of the convergence are shown in
Table V for the dispersion and in Table VI for the dissipation. Although we cannot
establish precise convergence rates due the influence of the time discretisation on
the dispersion and dissipation properties, an order of convergence of approximately
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Table IV: Computational work needed to achieve at least 12, = 107° accuracy when
different time-stepping schemes are applied to the cavity problem with polynomial order p,
number of elements Ne and degrees of freedom DoF after integrating over T'= 1000 time
periods

p =3, N = 54 (DoF = 216) At ops [2-error
SSP-RK4 3.2922E-03 1215004 9.7349E-06
Carpenter&Kennedy 4.1152E-03 1215005 9.4976E-06
Standard RK4 3.2922E-03 1215004 9.7349E-06

p =06, Noy =6 (DoF = 42) At ops [?-error
SSP-RK7 2.5640E-02 273007 8.0618E-06
Carpenter&Kennedy 3.7037E-03 1350005 9.5547E-06
Standard RK4 2.7778E-03 1440004 8.9196E-06

p =10, Ngy = 2 (DoF = 22) At ops [2-error
SSP-RK11 4.7619E-02 231000 3.2341E-06
Carpenter&Kennedy 4.0000E-03 1250000 7.7825E-06
Standard RK4 3.0000E-03 1333336 6.4107E-06

2p is achieved for both the dissipation and dispersion error. Comparing these results
to the findings of [1] and [3] already implies that the SSP-RK time integration has
a less dominant effect on the dispersion and dissipation errors.

In the second experiment, we consider a wide range of time steps At and mesh
sizes h, and examine the dispersion and dissipation errors of the schemes as a
function of wave length per mesh size (A\/h), degrees of freedom per wave length
(DoF/)) and relative time step (At/Atyax). The value At/Atmax = 1 indicates
the size of the maximum time step, defined as in (2.22) in Section 2.4. The contour
plots of the dispersion error (or dispersion error) for the one-dimensional analysis
with wave number k& = 27 is shown in Figure 2.3 for orders p = 1, 2. The same plots
for the dissipation error are displayed in Figure 2.4. For this range of values the
dispersion error is generally at least one order higher than the dissipation error, and
it can be improved by both taking smaller time steps and/or refining the spatial
grid.

We carry out the same experiment in two dimensions on a uniform grid with
wave numbers k; = 7 and k, = 27 for orders p = 1,2,3,4,5 and k, = 27 and
ky = 4m for order p = 6. The number of elements used to construct the uniform
meshes range from 200 elements to 8 elements for p = 1,2, 3, 4; from 128 elements
to 8 elements for p = 5; and from 72 elements to 8 elements for p = 6. The contour
plots of the dispersion and dissipation errors are shown in Figure 2.5 and in Figure
2.6, respectively. Note that the studied range of wave lengths per mesh size differs
significantly from that of the one-dimensional case and occasionally from one an-
other. It can be deduced that the spatial discretisation dominates the dispersion
error, which is all the more relevant because the dispersion error is at least one
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Table V: Convergence of the dispersion error for the one-dimensional wave equation in
a periodic domain with wave numbers k = w for p =1,2; k =27 for p=3,4; k = 4x for
p=>5,6,7; and k = 8 for p = 8,9,10. In each case the (p + 1)st-order SSP-RK scheme

is applied.

p=1 p=2
Error Order Error Order
Ng =2 1.1219E-00 5.4535E-02
Ng =4 1.8866E-01  2.5721  1.9858E-03  4.7794
Ng =8 3.9271E-02 2.2642 8.0576E-05 4.6232
Ng =16  9.1970E-03  2.0942 4.2539E-06  4.2435
Ng =32 2.2573E-03 2.0266 2.5327E-07  4.0700
Ng =64 5.6163E-04 2.0069 1.5631E-08 4.0182
p=3 p=4
Error Order Error Order
Ng =2 2.8401E-01 4.3239E-02
Ng =4 1.8427E-03  7.2680 8.7429E-05  8.9500
Ng =8 1.1103E-04  4.0528  9.1380E-08  9.9020
Ng =16 8.1803E-06 3.7626  3.1783E-09  4.8456
Ng =32 5.1772E-07 3.9819 5.1479E-11  5.9481
Ng =64 3.2403E-08 3.9980 8.0824E-13  5.9930
p=>5 p==6 p=7
Error Order Error Order Error Order
Ng =2 2.2250E-00 6.2763E-01 1.4307E-01
Ng =4 7.5731E-03  8.1987 4.3307E-04 10.501 1.8263E-05 12.936
No = 4.8796E-06  10.600 4.9182E-08 13.104 3.2505E-10  15.778
Ng =16 2.1995E-08 7.7934 1.5744E-11 11.609 4.6185E-13  9.4590
Ng =32  3.2993E-10  6.0589
Ng =64 5.1621E-12  5.9981
p=2_8 p=9 p=10
Error Order Error Order Error Order
Ng =2 3.8264E-00 8.3880E-01 1.5821E-00
Ng = 4.9854E-02 6.2621 6.5271E-03  7.0057 6.6177E-04 11.223
Ng =8 1.1951E-06 15.348 3.1177E-08 17.676 6.6458E-10 19.925
Ng =16 6.6187E-12  17.462

order higher than the dissipation error for all polynomial orders considered. An-
other important feature shown in Figure 2.9 is the decreasing number of degrees
of freedom needed to obtain a given accuracy as we go to higher-order elements.
For instance, to attain a dispersion error of 1073, we need about 14-15 degrees
of freedom per wave length for discretisation with second-order polynomials and
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Table VI: Convergence of the dissipation error for the one-dimensional wave equation in
a periodic domain with wave numbers k = m for p =1,2; k =27 for p=3,4; k = 4x for
p=>5,6,7; and k = 87 for p = 8,9,10. In each case the (p + 1)st-order SSP-RK scheme
is applied.

p=1 p=2
Error Order Error Order
Ng =2 2.5464E-01 2.1860E-02
Ng =4 1.6710E-02  3.9297 7.5294E-04 4.8596
Ng = 1.1239E-03  3.8941 3.1441E-05 4.5818

Nei =16  7.2499E-05 3.9544 1.6831E-06  4.2235
Neg =32 4.5729E-06 3.9868 1.0063E-07  4.0640
Ne =64  2.8649E-07  3.9966 6.2172E-09  4.0166

p=3 p=4
Error Order Error Order
Ng =2 6.1234E-02 6.2971E-03

N =4 6.8779E-04  6.4762  1.4252E-05 8.7873
N =38 4.2695E-06  7.3318  1.8226E-08 9.6110
N =16  2.8124E-08 7.2461 5.9037E-10  4.9482
Ng =32 2.7328E-10 6.6852  9.5566E-12  5.9490
N =64 3.6039E-12  6.2447  1.5099E-13  5.9840

p=>5 p==6 p="T
Error Order Error Order Error Order
Ng =2 1.7209E-01 3.8318E-02 8.3102E-03
Ng =4 5.4651E-04 8.2987 3.2754E-05 10.192 1.4167E-06 12.518
Ng = 2.8854E-07 10.887 4.0972E-09 12,965 3.7758E-11  15.195
Ng =16 5.7239E-11  12.300 1.3922E-12  11.523
p=2_8 p=9 p=10
Error Order Error Order Error Order
Ng =2 8.7179E-02 1.1417E-01 4.0277E-02

Na=4  15076E-03 5.8536 2.0097E-04 9.0867 2.2413E-05 10.811
Ng=8  4.6922F-08 14.972 1.2343E-09 17.376 2.6468E-11  19.692
Ny =16 2.7467E-13  17.382

about six for the discretisation with sixth-order polynomials.

One of the main advantages of DG methods is that they are relatively insensitive
to the uniformity of the mesh from the point of view of accuracy and convergence.
In order to illustrate that this is the case for the dispersion and dissipation be-
haviour as well, we perform the same two-dimensional analysis on non-uniform
random meshes. To construct the non-uniform mesh we randomly relocate all in-
ner (ie. not lying on the boundary) vertices of the uniform mesh within the range



2.7 Concluding remarks 41

[— h§d, h?%d] in both directions, where heq is length of the uniformly distributed
(one-dimensional) ‘boundary’ elements. Since the total number of elements in the
non-uniform mesh is the same as in the uniform mesh, the values DoF /) should
also be the same (because this is the case ‘on average’). However, on the bottom
axes the smallest value of h is taken for computing A/h. The results are shown in
Figure 2.7 for the dispersion error and in Figure 2.8 for the dissipation error. They
are qualitatively the same as the corresponding results on uniform meshes, which

demonstrates the robustness of the RKDG method.

2.7 Concluding remarks

The main purpose of this chapter has been to study the global dispersion and
dissipation errors of a high-order DG spectral element discretisation combined with
the high-order SSP-RK time integration. We have shown that by applying the (p+
1)st-order SSP-RK scheme to a spatial discretisation with pth-order polynomials
we can retain (p + 1)st-order convergence (without preprocessing) in the l3-norm.
Even when the order of the discretisation is increased beyond the accuracy of
the fixed-order schemes, the computational work for the SSP-RK scheme is not
significantly higher than that of the fixed-order ones. This favourable property can
be explained by the much looser time-step restriction. It should be noted, however,
that for large systems, the SSP-RK schemes could have a major disadvantage over
low-storage RK schemes due to storage requirements. This is because an m-stage
SSP-RK scheme requires m storage units per time step, whereas a low storage
scheme requires only two storage units per time step.

Through numerical Fourier analysis, it has been demonstrated that the dis-
persion error of the global scheme is generally at least one order higher than the
dissipation error, irrespective of the actual order of the discretisation. It has also
turned out that within the studied range of mesh sizes h and time steps At we
cannot gain anything on the dispersion error by decreasing the time step, i.e. it is
worth using the largest one permitted by the CFL condition. This seemingly un-
usual property can be explained by the fact that the maximum time step allowed
by the CFL condition already inflicts a far smaller dispersion error than that of
the space discretisation. Using this condition it has also been shown that the con-
vergence rate of the dispersion and dissipation error is far higher, namely O(2p),
than that of the error measured in the [?>-norm. Another important feature of the
global scheme is that the number of degrees of freedom to obtain a given accuracy
also decreases as the order of the approximation grows.

Appendix

The exact solution to (2.23) in the one-dimensional metallic cavity described in
Section 2.6.1-with k = 1, 2 signifying the two regions filled with different materials—
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Here n, = /e, represents the local index of refraction, and the frequency takes
the value w = 27 /n if n; = ny = n or is found as the solution to the equation

—ng tan(niw) = ny tan(now).
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CHAPTER 3

ON THE INCONSISTENCY IN THE
IMPLEMENTATION OF H(CURL)-CONFORMING
BASIS FUNCTIONS ON TETRAHEDRAL MESHES

3.1 Introduction

Hierarchic finite element bases are especially useful in the construction of p- and
hp-adaptive finite element methods [23] thanks to the possibility to increase the
polynomial order by only adding extra basis functions and leave the existing ones
unchanged. An arbitrary high-order construction of such bases for spaces H',
H(curl), H(div) and L? was given in [2, 74], where the authors also addressed the
question of global conformity. The importance of H (curl)- and H (div)-conforming
finite element methods (FEM) lies in the fact that they have better approximating
properties than H!-conforming elements when the physical spaces they discretise
also belong to these spaces. Therefore, H(curl)- and H(div)-conforming FEMs are
especially suitable for the numerical solution of the Maxwell equations, where the
unknown fields generally belong to either of these spaces [45, 56].

The discussion on the families of hierarchic basis functions of arbitrary order is
fairly complete in [2, 74] and we refer to those works and the references therein for
a full description. In this chapter, we only focus on the H (curl)-conforming version
of these bases in order to highlight a practical difficulty that is not fully addressed
in the existing literature.

A key issue for hierarchic bases in the H (curl)-conforming discretisation is how
to avoid a mismatch between neighbouring elements. One elegant way of doing
this, proposed in [2], is through renumbering the mesh vertices in the preprocess-
ing stage so that each element can be classified as either of two possible types
based on their enumeration. Then it is possible to use two reference tetrahedra,
one for each type, and no further consideration is needed about orientation. How-
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ever, this approach is not always feasible because some software packages do not
support the renumbering of vertices after mesh generation. An alternative solution
is then to store the orientation data for each element and modify the definitions
of the reference-element basis functions in such a way that it corresponds to the
orientation of the given physical element.

We follow the second approach here since this thesis forms part of the devel-
opment of hpGEM [62], a finite element package that is designed to deal with the
orientation in this way. Unfortunately, this approach comes with an additional
difficulty concerning the face-bubble functions. As we will illustrate through a
simple example, the standard procedure to define the basis function on the ref-
erence element and map it to the mesh element may fail. Fixing this problem is
quite straightforward but it is important that we highlight this phenomenon since
recognising it can be much more of a struggle.

Once it is ensured that all basis functions are defined correctly throughout the
whole domain, the finite element discretisation of a typical (system of) linear partial
differential equation(s) can be broadly described in two steps. First, we compute
the local matrices. This includes the computation of the element matrices for the
H (curl)-conforming FEM and the element plus face matrices for the discontinuous
Galerkin FEM (DG-FEM). Second, using the connectivity information of the gen-
erated mesh, we assemble the local matrices into global ones that form the final
linear system (or system of ODESs) to be solved to obtain the discrete solution.

The chapter is organised as follows. We recall the construction of the H (curl)-
conforming basis from [2] in Section 3.2. We describe an example of face-bubble
functions in Section 3.3, show how the transformation fails in Section 3.4, and offer
a quick fix and a brief discussion in Section 3.5. Section 3.6 is devoted to the
implementation details, after which we conclude in Section 3.7.

3.2  H(curl)-conforming hierarchic basis

We begin by introducing the tessellation 7, that partitions the polyhedral domain
2 C R3 into a set of tetrahedra {t}. Suppose we have a unique enumeration of the
vertices of the mesh. Then an arbitrary tetrahedron t = [0 i j k] € T}, is defined
by the vertices v,, v;, v;, vi, and the face f = [0 ¢ j] is likewise formed from the
global numbering of the vertices. The unique directed tangent on an edge [o 4] is
defined by

ol =v;—v,,

while a unique pair of tangent vectors to face f = [0 ¢ j] is given by 7o and 7l Jl,
A unique parameterisation of the edge can be defined as

goi = )\z - )\o

with A\, and \; being the barycentric function of vertices v, and v;, respectively.

We can now briefly recall the definition of the H(curl)-conforming polynomial
basis, where L, denotes the nth-order Legendre polynomial and we also assume
that o <i < j < k.
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e For edge e = [0 ] and polynomial order p, the edge functions read

P = ANV, — AV,

¥ = AVA, + AVA, (3.1)
. 2+1 . .
Yy = HilLl(foi)i/h - le—l(foiW)m 1<i<p-1L

e For face f = [0 ¢ j] and edge e C Of, the edge-based face functions read
¥ = AohiLi(€0i)VAgje, 0<1<p—2, (3.2)
where f/e denotes the vertex opposite edge e in face f.

e For face f = [0 i j], the face-bubble functions read

d’f,"rln = )\o)\Mle(goi)Lm(foj)T[o ]

, 0<l,mil+m<p-3. (3.3
Bim = AoAiA; Li(or) Lin (o) 71 ! }

e For element t = [0 ¢ j k] and face f C t, the face-based interior functions
read

PP = XM Li(€oi) Lin (§0j)VAgse, 0<Lml+m<p—3,  (34)
where t/f denotes the vertex opposite face f.

e For element t = [0 i j k], the interior bubble functions read

w?:;i,n = )\o)\i)\j)\kLl (goi)Lm (goj)Ln (gok)Tda (35)

with 0 < I, m, n,l+m+n < p—4 and with 7¢, d = 1,2, 3 denoting the directed
tangent vectors 7! = rlod 72 = 7lodl and 73 = 7lo ¥, respectively.

In the above construction, the definitions are global in the sense that they
apply to every t € 7. It is known that in this case every basis function is H (curl)-
conforming (thanks to the condition o < i < j < k), i.e. their tangential compo-
nents are continuous but there is no restriction on the normal components. (See
[2] for detailed proofs.)

However, the standard approach is to define all basis functions (3.1)—(3.5) on the
reference tetrahedron t = [() 12 3], given by its vertices in Cartesian coordinates

(&m,¢) €R® as
V5 =(0,0,0), ¥;=(1,0,0), v53=(0,1,0), v3=(0,0,1), (3.6

and then to transform them to a given mesh tetrahedron t € 7, using the trans-
formation rule

¥t =TJ,". (3.7)
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Here '(ﬁ is the basis function on the reference element t, 9 is the basis function on
the physical element t, and J is the Jacobian of the mapping between the reference
element and the physical element. The derivation of this transformation rule is
standard and can be found in many textbooks [56, 45, 51].

If (3.7) is to result in a globally conforming approximation, one has to make
sure that the intrinsic orientation of the reference element matches that of the
physical element for each t € 7;,. This is necessary in order to avoid a mismatch
of a given basis function between neighbouring elements, and its implementation is
not straightforward for hierarchic bases. One elegant way to do this is through the
renumbering of the mesh vertices in the preprocessing stage so that each element
can be classified as either of two possible types based on their enumeration. Then
it is possible to use two reference tetrahedra, one for each type, and no further
consideration is needed about orientation. See [2] again for more details.

If this approach is not feasible (e.g. some FEM software packages do not support
the renumbering of vertices after mesh generation), an alternative solution is to
store the orientation data (i.e. the enumeration) for each element. Then one can
modify the definitions of the reference-element basis functions in such a way that
the construction of the basis (3.1)—(3.5) follows the numbering of the physical
element and not that of the original reference element (3.6). For example, if the
global numbering of a tetrahedron is t = [15 96 8 24], then the vertex numbering
in (3.6) changes to

vi =(0,0,0), v3=(1,0,0), v45=1(0,1,0), v5=(0,0,1).
In the following, we will abuse the notation slightly and refer to this situation as
E=[1302).

Whichever approach is used the crux of the problem is to have the same intrinsic
orientation for the reference tetrahedron as for the physical tetrahedron. Once that
is done, all basis functions are expected to be globally H(curl)-conforming after
the transformation (3.7) is applied. In the remaining part of the chapter, we show,

through a simple example, that when the second approach is used, the face bubble-
functions fail to satisfy this criterion.

3.3 An example of global face-bubble functions

Let us consider a mesh that divides the unit cube Q = (0, 1)3 into five tetrahedra.
We enumerate the vertices of the mesh as
VOZ(OaOa0)7 V1:(17070)a v2:(0a1a0)7 V3:(17170)7
V4:(O7071)7 V5:(]~7071)7 V6:(07171)7 V7:(]~7171)7
where the vertices are determined by their Cartesian coordinates (z,y,z) € R3.
We define each tetrahedron by the global numbers of its vertices
to=1[0124], t;=[3217], to=[5471],

b= (6742, ta=[4127). (338)
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We have chosen the numbering in (3.8) in such a way that the positions of the
vertices in the physical element correspond to the positions of the vertices in the
reference element, once the mapping is performed. So for example, for to, vertex
v will be mapped to Vg, vertex v4 will be mapped to vy, and so on. We emphasise
again that the numbering in (3.8) is correct in a sense that it preserves orientation.
Throughout this example, the subject of our investigation is the face f = [2 4 7]
with left element t3 and right element t4. (Of course, definitions ‘left’ and ‘right’
are arbitrary in three dimensions.) For our purpose, it suffices to consider the
lowest order face-bubble functions, i.e. those with | = m = 1 in (3.3). These first
appear in the construction of the third-order polynomial space, when there are two
face-bubble functions associated with face f = [2 4 7]. They are defined as

b = MM A2 and  f = oA AT (3.9)

where )\; is the barycentric function of (global) vertex v;. Furthermore, 24 =

vi—voand TR 7 = v, — v,.

It is easy to see that (3.9) is H(curl)-conforming. In practice, however, one aims
to define all basis functions locally on a single element (the reference element) and
use the transformation (3.7) between the reference-element basis functions and the
physical-element basis functions.

3.4 Transformation of the face-bubble functions

We now look at how the face-bubble functions in (3.9) transform from the reference
element to the physical elements. Since there are two elements that contain the face
f =[2 4 7], we need to look at four separate transformations (two basis function in
both elements). Desirably, the result would be tangential continuity for both basis
functions through the face.

3.4.1 Left element

Let us first consider t3 = [6 74 2]. The local numbers corresponding to face
f =27 4] are [312]. So we define on the reference element the tangential vectors

#32 =%, — v, = (0,1, 1) and #[ | =%, — ¥, = (1,0, -1). Since we have
No=1-6—n—¢ A=¢& M= M=

where &, n and ( are the Cartesian coordinates on the reference element, the two
basis functions are defined as

of - 0 o . &n¢
Py = En(+[3 = &ng and v, = §77<7‘-[3 i _ 0
—&n¢ —&n¢

Again, H(curl)-conforming fields transform as

b =TT,
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where J is the Jacobian of the function that maps reference element coordinates
(&,m,¢) to the coordinates (z,y, z) of physical element t;. For t3 this mapping is
Fs:(&n,0) = ve+&(vr —vg)+1(va—vg) + (¢ (va — vg), and therefore we have

1 0 0
Ih=10 -1 o0
0 0 -1

On the physical element t3, this in turn results in

0 r(l-y)(1-=2)
Yi=|-2(1-y)(1—2)| and 7= 0 :
z(l—y)(1—2z) z(l—y)(1—=z)

where we have used the superscript L to represent the ‘left’ element, in this case
ts.

3.4.2 Right element

As a second step, let us turn our attention to element t4 = [4 1 2 7]. The local
J

numbers corresponding to face f = [2 4 7] are [Q 0 3]. Since 223 = Vs — Vs =

(0,—1,1) and #[20] = Vg — Vs = (0,—1,0), on the reference element we now have

. 0
Bo=01—-€-—n—0nctl2l = [—(—e—n-cnc|,
0
~f 5 & 0
Pr=(——n-—Onc#l3l = —(1-—c=n-0n¢
1-=&—n—=0)n¢

For the current element, t4, we have the mapping Fy : (£,1,() — v4+&(v1 —va)+
1 (vy —vy) 4+ ¢ (v7 — v4), and thus the transformation matrix

L[ -1t
J;f:i -1 1 1
-1 -1 1

As a result, the physical basis functions read

z—z—y+)(y—z—2z+)(x+y+2z-1)

W= [~ G-r-yt Dzt D@ty ta-D)
z—z—y+)(y—z—2+)(z4+y+2z-1)
1 z—z—y+)y—z—2+D)(x+y+2-1)
1/’{?‘:% 0

(z—r—y+D)(y—a—2+1)(@+y+z—1)
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Finally, note that face f = [2 4 7] lies on the plane z = x — y + 1 and that

r-p -2 .

= %(z—x—y+1)(yfxfz+1)(x+y+zf1)|z:$_y+1.
Using this latter relation it becomes clear that while 1/11L = 1/7{% on the face f as
expected, the identity simply does not hold for the other basis function: 'ng #* 1/)5‘.
This inconsistency causes the method to fail for polynomial orders p > 0, as
it dashes the possibility to define all basis functions on the reference element and
transform them to any given physical element.

3.5 Brief discussion of the example

The simplest way to circumvent the problem highlighted in the previous example
is to first transform the scalar face-bubble functions,

WF = NN Li(E0i) Li(E0j) (3.10)

and multiply them with the tangential vectors afterwards. This solution also iden-
tifies the cause of the problem: that the tangent vectors that explicitly appear in
the definition of the face-bubble functions do not transform in a conforming way.
This also explains why we do not experience similar problems in the transformation
of the edge functions and edge-based face functions. They only use the barycen-
tric functions in their definitions and not the tangential vector explicitly. (For the
interior functions conformity is trivial since their tangential components are zero.)

As a remark, we mention that the situation is very similar if the curl of the
basis functions is also needed, as it is often the case. The curl of the face-bubble
functions can be written as

Vxyf =vf x 70l and v x ot = vyf x 7071, (3.11)

where V£ is the gradient of the scalar face-bubble function (3.10). Note that scalar
function (3.10) transform in a H'-conforming way while its gradient transforms in
H (curl)-conforming way.

3.6 Implementation details for the second-order
Maxwell equation

To illustrate the main implementation steps of a finite-element discretisation
when the above-described basis functions are used, we consider the time-harmonic
Maxwell equation
V x ivXE—k%—rEzJ in Q,
M (3.12)
nxFE=g onl.
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Here Q is an open bounded Lipschitz polyhedron on R? with boundary I' = 9 and
outward normal unit vector n. The right-hand side J is the external source and
k is the (real-valued) wave number with the assumption that k2 is not a Maxwell
eigenvalue. The (relative) permittivity and the (relative) permeability correspond
to vacuum (or dry air), i.e. we set &, = 1 and p, = 1.

We will now describe the implementation of two discontinuous Galerkin (DG)
discretisations and a high-order H(curl)-conforming finite element discretisation of
(3.12), all of which result in a symmetric algebraic system. One of the DG methods
is the interior-penalty DG (IP-DG) — see e.g. [46] —, the other is the DG method
originally introduced in [6, 12]. Both DG methods are derived and analysed in
detail in the next chapter as well as in [68]. Here it suffices to provide the weak
formulations only, for which we first need to introduce some notation. We view
the H(curl)-conforming FEM as a special case of the DG methods, where the flux
terms are absent and the tangential continuity is taken care of through the assembly
procedure.

As before, let 75, denote the tessellation that partitions the polyhedral domain
Q C R? into a set of tetrahedra {t}. The notations F3, F; and .7:;{ stand respec-
tively for the set of all faces {f}, the set of all internal faces, and the set of all

boundary faces. Furthermore, we introduce (-,-), for the standard inner product

in [£2(D)]’,

(u,v)p :/ u-vdV,
D

and the operator Vy, for the elementwise application of V = (9/0z,9/dy, 3/8Z)T.

3.6.1 Discontinuous Galerkin weak formulations

With QP denoting the pth-order polynomial space that is spanned by the basis
functions described in Section 3.2, we now define the space X} as

SP = {0' € [L2Q)? | ole € QF, vt € Th} (3.13)

Consider an interface f € Fj, between element t” and element t, and let n’”
and n® represent their respective outward pointing normal vectors. We define the
tangential jump and the average of the quantity w across interface f as

[ul; = n" x u” + nf x uf and {u} = (u” +uf) /2,

respectively. Here u” and uf are the values of the trace of w at 9t” and Ot%,
respectively. At the boundary I', we set {u} = w and [u], = n x u. For a given

face f € F},, we will also need the local lifting operator Ry : [Lz(f)] LN ¥, defined
as

(Re(u),v), = /fu -fv}dA, Ve eXi. (3.14)

Note that R¢(u) vanishes outside the elements connected to the face f.



3.6 Implementation details for the second-order Maxwell equation 57

The weak formulation of the IP-DG method for the time-harmonic Maxwell
equation reads

B (B, @) :=
(Vi x Ep, Vi, x @)g — k* (En, @) — /f EL]y - {Vh x ¢} dA

_ /f (V0 x Bu} - [y dA + / a1 [E]y - [#]y dA

Fhn

:(J,qb)gf/ g-(Vh><¢)dA+/bahg~(n><¢)dA, (3.15)

Fh Fh

where the penalty parameter ar depends on both the mesh size and the polynomial
order. Note that in the left-hand side we no longer distinguish explicitly between
internal and boundary faces. This is permissible thanks to the definitions of the
average and the tangential jump at the boundary.

The weak formulation of the DG method with what we call here the Brezzi
formulation, originally introduced in [6, 12|, is formulated in the following way.
First introduce the bilinear form B;’f : EZ X EIZ — R and the linear form j,fr :
¥P — R as

B) (Ep, @) = (Vi x Ep, Vi x @)g — k* (En, d)q,

- [ 1By AV < ohaa- [ (Vi x B [olpaa

Fhn

+ Z (mr +ns) (Re([E]7), Re([0]7))q . (3-16)

FeFy,

and

(@) = (.0~ [ (T 6)aa

+ Y (g +np) (Re(g), Re(n x ¢))g, (3.17)

FerF}

respectively. In contrast to IP-DG, the penalty parameter ng is now independent
of the both the mesh size and the polynomial order, while n; is the number of sides
of the element (ny = 4 for a tetrahedron). Then the discrete formulation for the
time-harmonic Maxwell equations can be written as follows. Find Ej, € X% such
that for all ¢ € X} the relation

By (En, ¢) = Ji" () (3.18)

is satisfied. See Chapter 4 for more the analysis and parameter estimates of these
two methods.
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3.6.2 Weak formulation of the H(curl)-conforming discreti-
sation

Instead of (3.13), we now define the discrete space of globally H (curl)-conforming
functions as

1} = {v € [Ho(curl, @) ] vlk € Q" VK €Ty}, (3.19)

and let the set of basis functions {4;} span the space T7. See [56] for a detailed
discussion on both continuous and discrete H (curl)-conforming spaces. We approx-
imate the electric field E as

E~E;, = Z (), (x), (3.20)

from which the discrete weak formulation reads as follows. Find E; € T’;L such
that V¢ € Y7 the relation

(v X Ep, V % ¢)Q — k? (Ehv ¢)Q = (J7 ¢)Q (3'21)

is satisfied. Note that here the V operator is defined globally, and not in an
elementwise fashion as for the DG methods, because the tangential continuity is
now enforced strongly.

The discontinuous nature of the weak formulations (3.15) and (3.18) makes it
especially natural to first compute the element and face matrices and then assemble
them into a global matrix. We will follow the same approach also for the H (curl)-
conforming method, where only element matrices are needed. However, we then
have to make sure that the basis functions associated with a given edge or face in
the global mesh are assembled into the same entry of the global matrix.

3.6.3 Elemental matrices

Using the basis functions defined in Section 3.2, we can now express the unknown
field with the polynomial expansion locally in each element (cf. (3.20)) as

NP
Ej(x) =Y Ei(x), Vzet. (3.22)
j=1

In order to compute the elemental matrices, let again t be the reference tetrahedron
and let t € 7}, be any given physical tetrahedron. Then the entries of the elemental
stiffness matrix Sy and the elemental mass matrix Mg can be expressed as

Sy, = /(vh x ;) (Vi xp,)dV and MY = kQ/wi p;dV
t t

respectively. Here, the indices run from 4,5 = 1,..., N, with Ng being the number
of degrees of freedom in element t. Exploiting the transformation rules

- 1 ~
ti _ 7T t; _
Pri=J, ¢ and Vxapr= det(a]]ti)vxd]’
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the above integrals can be computed on the reference element t using quadrature
rules (the question of quadrature rules is briefly addressed in the next paragraph).
As for the face contributions f € F}, in (3.15) and (3.16), we need to consider
values in the two elements t” and t which are connected through face f. So we
(abuse the notation slightly and) define the matrices DGR and HY as

DLF = /fz,bf : (nR x zpf) dA,

G@R:/f(vhmpf).(nxqpf)dA
H%R:ah/<nx¢f)-(nx¢f>dz4
f

The indices ¢ and j now run between 1 and Ny, and between 1 and Np, respectively,
with Ny and Npg being the number of degrees of freedom in element t; and tg.
Note that the face matrices are ‘sparse’ as many of the basis functions’ tangential
components vanish at a given interface. This is especially true for higher order
elements.

We now focus on computing the lifting operators in the last term of (3.16).
Using the definition of the local lifting operator (3.14) for a given face f € F, we
first recover

(Re([ELz), Re([611))q / [ - {Re([Enly)} dA =

1
5 / (n* x &" +nf x ¢7) - (RE(IEALy) + RE(IB],)) dA. (3.23)
Since Ry is only nonzero in the two elements t;, and tg which are connected to the
face f, we have

or RE(En]) AV + | ¢" - RE([EL],) AV =

tr tr
1
. /f (6" + ") (nt x Bf + 0l x B} a4, Vo ¢ ex) (324)

We approximate the lifting operator R¢—using the same basis as for the discretisa-
tion of F;, as

Ri([En]7)(z ZR”z/: ), Vaet.

If we substitute these into (3.24) and use the fact that this equation must be
satisfied for arbitrary test functions ¢¥ and ¢%, then we obtain the following
matrix relations

%DLLEL 4

M7 R? = %DRLEL + %DRRER.

MLRL — %DLRER7

(3.25)
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We will use these relations to compute the last term of (3.16) during the assembly
procedure. But first we briefly review the Gauss quadrature rules which we use to
compute the above integrals.

3.6.4 Gauss quadratures

We evaluate the integrals by Gauss quadratures. One way to define Gauss quadra-
tures on a tetrahedra is to compute them for the cube and ‘collapse’ the quadratures
points (and the associated weights) into the tetrahedron. However, this procedure
turns out to be very expensive for higher-order discretisation. Instead, we are
making use of the ecomomical Gauss quadratures, which have been derived for
polynomials for orders p < 9. The construction of these points and weights is
based on topological symmetries within the tetrahedron, and is considerable more
complicated for orders p > 9. Since we implement basis functions up to poly-
nomial degree five, the highest order quadrature rule we need (to compute the
entries of the mass matrix, for example) is p = 10. Table I (from [74]) shows the
number of quadrature points needed to integrate polynomials up to order p < 13.
(The table is taken from [74] and we are not aware of any improvements on the
quadrature rules since.) We can immediately see that numerical integration over
a tetrahedron becomes increasingly costly, which practically prohibits the use of
very high-order polynomials for three-dimensional problems. This problem can be
partially circumvented by using nodal-based polynomial bases. See [39, 52, 44] for
example.

Table I: Known or predicted minimum numbers and achieved numbers of quadrature
points for the Gauss integration rule over triangles and tetrahedra

Triangles Tetrahedra
Poly. order Min. Achieved Min. Achieved
1 1 1 1 1
2 3 3 4 4
3 4 4 5 5
4 6 6 11 11
5 7 7 14 14
6 12 12 24 24
7 13 13 28 31
8 16 16 40 43
9 19 19 52 53
10 24 25 68
11 27 27 126
12 33 33
13 36 37 210
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3.6.5 The assembly

After computing the element and face matrices, we now have to assemble these
matrices into a global matrix A. For the DG methods, one needs to assemble
both element and face matrices. For the H (curl)-conforming method, only element
matrices are assembled but in such a way that the tangential continuity is enforced
strongly.

Assembly of the DG methods

We first loop over all the elements and for each element t we add the following
contributions to the global matrix,

[A]*" — st — M*.

As a second step, we loop over all the faces. A given face f either connects to two
elements, tz and ty, or is a boundary face and connects to only t;. In any case,
for the IP-DG method we add the following matrices to the corresponding part of
the global matrix .A,

(A 1 (FLL n GLL) L
2
1

[A]LR P (FLR + GLR) +HIE
2

[A]RL _ 1 (FRL + GRL) +HEL,
2

AR _% (FRR n GRR) L HER,

T
where FEE = (GRL> . If f is a boundary face, we just simply ignore all the

contributions except for [.4]“* and we replace 1 there with 1.

For the DG method given by (3.16), the computation of the numerical flux is
a bit more involved. However, if we combine (3.25) with (3.23) we can recover the
contributions for the lifting operators. We add these in place of H matrices above:

LA % (FLL n GLL)
I nr :lr ny <CLL (ML) -1 DL 4 LR (MR) -1 DRL) :
[.A]LR - _ % (FLR + GLR)

L tnys <CLL (ML>_1 DLR | CLR (MR)_l DRR)
1 )
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[A]RL - % (FRL n GRL)

i ne 1— ny <CRL (ML>_1 DL 4 CRR (MR)_1 DRL> ’
[.A]RR - % (FRR + GRR)
nr Z ny <CRL (ML> DR 1 CRR (MR) DRR> 7

where CFft = (DR

We perform a similar assembly on the global right-hand side by, to arrive at the
linear system

AE), = by, (3.26)

where the matrix A is symmetric indefinite.

Assembly of the H(curl)-conforming methods

We only need the element matrices in this case. However, we now also have to
make sure that they are assembled in such a way that the tangential continuity of
the discrete space is guaranteed on the whole domain Q. Since the basis functions
(3.1)— (3.5) are designed so precisely in order to satisfy that condition, we only
have to carry out a few bookkeeping steps.

e Determine the total number of global degrees of freedom. Depending on the
polynomial order p, we know the number of basis functions associated to
each edge, face and element interior. Counting the number of edges, faces
and elements is straightforward, and this information is often provided by
the mesh generator.

e Assign each local basis function a global number that represents the global
basis function. Two or more local basis functions should carry the same global
number if they are of the same type and order, and are associated with the
same edge or face.

e The local matrices and the local right-hand-side vectors are assembled so that
the contributions are entered in the matrix according to their global number.

It is clear that one could do the same for the DG methods. But then every local
basis function represents only a single global one so the renumbering is trivial.

The resulting linear system for a given mesh is now smaller than in the DG
case. However, the mass matrix in the DG methods is block-diagonal while it is
not in the H(curl)-conforming case. A block-diagonal mass matrix may not be
much of an advantage when the time-harmonic Maxwell equation is discretised but
it can play an important role in the time integration of the time-dependent Maxwell
equations. We will return to this in more detail in Chapter 5.
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3.7 Concluding remarks

We have provided a framework to implement high-order finite element methods on
tetrahedral meshes when hierarchic H (curl)-conforming basis functions are used.
The framework covers the implementation of both symmetric DG methods and
globally H(curl)-conforming discretisations. The single most important contri-
bution of this chapter is that, through a simple example, we have highlighted a
possible discrepancy in the definition of one type of basis functions in the construc-
tion of the hierarchic H(curl)-conforming basis. If this is not carefully addressed,
the tangential-continuity condition in the globally H (curl)-conforming discretisa-
tion may be breached for polynomial orders p > 3. A simple but effective solution
to the problem has been proposed and the main steps of the implementation have
also been discussed in details.






CHAPTER 4

OPTIMAL PENALTY PARAMETERS FOR

SYMMETRIC DISCONTINUOUS GALERKIN
DISCRETISATIONS OF THE TIME-HARMONIC
MAXWELL EQUATIONS

4.1 Introduction

The difficulties of solving the Maxwell equations usually lie in the complexity of
the geometry, the presence of material discontinuities and the fact that the curl
operator has a large kernel. Moreover, the unknown fields in the Maxwell equations
have special geometric characteristics. These are most pronounced in the three-
dimensional version of the equations, and manifest themselves in the de Rham
diagram; see e.g. [9, 45, 56]. However, many of the popular numerical discretisa-
tion techniques do not satisfy the de Rham diagram at the discrete level, and often
contaminate the numerical solution by producing spurious modes. One notable
exception is the H(curl)-conforming finite-element method, which makes use of
special vector-valued polynomials to mimic the geometric properties of the electro-
magnetic fields at the discrete level. Based on the concept introduced by Whitney
in the context of algebraic topology [83], they were proposed for the Maxwell system
by Nédélec and Bossavit [8, 58, 59]. A hierarchic construction of high-order basis
functions that satisfy the same properties are given in [2] for tetrahedral meshes and
in [74] for more general three-dimensional meshes. The fact that these functions
preserve the geometric properties of the Maxwell equations has motivated many
to study the Maxwell system and its numerical discretisation in the framework of
differential geometry [10, 45].

However, such elements suffer from a couple of practical hurdles. In particular,
although they are capable of handling complex geometrical features and material
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discontinuities, implementation is increasingly difficult when high-order basis func-
tions are used. Furthermore, extending the approach to non-conforming meshes—
where the local polynomial order can vary between elements and hanging nodes
can be present—poses considerable difficulties.

One attractive alternative is the discontinuous Galerkin (DG) finite element
method. It can handle non-conforming meshes relatively easily and the implemen-
tation of high-order basis functions is also comparatively straightforward. Research
in the field of DG methods has been very active in the past ten years or so; see the
recent books [26] and [44] and references therein. In the context of the Maxwell
equations, a nodal approach was developed in [42], and further studied in [43]. This
approach had originally been based on Lax-Friedrichs type numerical fluxes, and
was later applied to the local discontinuous Galerkin method [81]. In the meantime,
various DG discretisations of the low-frequency Maxwell equations [47, 48] as well
as the high-frequency Maxwell equations [46, 14, 13] have also been extensively
studied. The question of spurious modes in DG discretisations has been addressed
in [14, 81, 13] for conforming meshes and, more recently, in [15] for two-dimensional
non-conforming meshes.

In this work, we investigate the time-harmonic Maxwell equations in a lossless
medium with inhomogeneous boundary conditions, i.e. find the (scaled) electric
field E = E(x) that satisfies

1
Vx —VxE—-keE=J inQ,
o (4.1)

nxFE=g onl,

where € is an open bounded Lipschitz polyhedron on R? with boundary I' = 9
and outward normal unit vector n. The right-hand side J is the external source and
k is the (real-valued) wave number with the assumption that &% is not a Maxwell
eigenvalue. Throughout this chapter the (relative) permittivity and the (relative)
permeability correspond to vacuum (or dry air). That is, we set &, = 1 and p, = 1.

Out of the many different incarnations of DG discretisations for (4.1) we focus
on symmetric ones, simply because they provide the possibility to use linear solvers
—such as MINRES — that are efficient but only applicable to symmetric matrices. The
symmetric interior penalty DG (IP-DG) method is probably the most popular such
method thanks to the simple penalisation term in the flux formulation. However,
the penalisation term grows quite sharply as the polynomial order is increased or
the mesh is refined. As an alternative, one may opt for a numerical flux formulation
that makes use of a local lifting operator, such as the ones introduced in [6] and
[12]. These formulations, together with a large number of other flux choices, were
analysed in [4] for the Laplace operator, and we refer to that work and references
therein for further details.

The asymptotic convergence behaviour of the IP-DG discretisation for (4.1) was
first established in [46]. In [14], the asymptotic spectral properties of the associated
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eigenvalue problem

1
Vx —VxE—-kE=0 inQ,
fir (4.2)

nxE=0 onl,

were analysed for the IP, incomplete IP, non-symmetric IP, and local DG (LDG)
methods. An a priori estimate for each of these methods results as a direct corollary
of the spectral analysis.

We take a slightly different approach in this chapter. If the problem is three-
dimensional it is often more instructive to look at the discretisation in the pre-
asymptotic regime, since in many practical applications the desired error falls into
that region. Such an approach was taken in [81], where it was shown that for a
given mesh the discrete eigenvalues of the symmetric LDG method tend to the
H (curl)-conforming discrete eigenvalues as the penalty parameter tends to infinity.
The same result is naturally valid for other symmetric DG discretisations, such as
the ones considered here.

However, taking a too large penalty term comes at a computational cost. It
results in a larger number of iterations when an iterative solver is used for the dis-
crete linear system corresponding to (4.1) or (4.2). Furthermore, if that system is
used as a semi-discrete system in time-domain computations, a large penalty term
results in a particularly stringent time-step restriction for explicit time-integration
methods. Tt is therefore essential that an optimal estimate for the penalty pa-
rameter be given that guarantees stability but does not significantly compromise
computational efficiency.

An explicit expression of the IP parameter for the Poisson equations on simpli-
cial meshes was derived in [70] and more recently in [25]. We extend these results
to the Maxwell equation (4.1) for IP-DG and also provide an explicit expression of
the DG method originally introduced in [12] as a slightly modified version of [6].
Our results are based on the trace inverse inequality [82] and on an extension of
an accurate estimate for the lifting operators [69].

For our DG discretisation we use a hierarchic construction of H(curl)-
conforming basis functions [2, 74]. They satisfy the global de Rham diagram in the
continuous finite element setting. However, because of the discontinuous nature
of the methods discussed here, we cannot expect our discretisation to be globally
H (curl)-conforming and to satisfy the de Rham diagram. Nevertheless, we believe
that the use of H (curl)-conforming basis function is beneficial, since it entails that
the average across any face is also H (curl)-conforming. For higher-order polyno-
mials, it also results in a sparser stiffness matrix (i.e. discrete curl-curl operator)
than standard scalar H!'-conforming basis functions.

We implement the basis functions up to order five. In principle, it is possible
to increase the order further, but implementation in three dimensions is hindered
by a number of practical difficulties. First, high-order (i.e. p > 9) quadrature
rules for tetrahedra are still sub-optimal and computationally expensive, making
the assembly a lengthy procedure. Second, iterative solvers for indefinite linear
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systems are known to converge slowly, a property exacerbated by the use of very
high-order H (curl)-conforming basis functions.

The chapter is organised as follows. We define the tessellation and function
spaces in Section 4.2 and derive the DG discretisation for (4.1) in Section 4.3.
We derive explicit lower bounds for the penalty parameters in the DG methods
and a priori upper bounds for the DG methods themselves in Section 4.4. Three-
dimensional numerical computations are carried out in Section 4.5 to show the
validity of the estimates. Finally, in Section 4.6, we conclude and provide an
outlook.

4.2 Tessellation and function spaces

We consider a tessellation 7}, that partitions the polyhedral domain Q C R? into a
set of tetrahedra { K'}. Throughout the chapter we assume that the mesh is shape-
regular and that each tetrahedron is straight-sided. The notations F,, F; and .7:;{
stand respectively for the set of all faces {F'}, the set of all internal faces, and the
set of all boundary faces. For a bounded domain D C R, d = 2,3, we denote by
H?(D) the standard Sobolev space of functions with regularity exponent s > 0 and
norm || - ||s,p. When D = Q, we write || - ||s. On the computational domain €, we
introduce the space

H(curl; Q) := {u € [LQ(Q)}S :VXue [L2<Q)]3}’

with the norm ||u|?,; = |ull2 + |V x u||3. Let Ho(curl; Q) denote the subspace
of H(curl; Q) of functions with zero tangential trace. We will also use the notation

(+,+)p for the standard inner product in [LQ(D)}?’,

(u,v)p :/ u-vdV,
D

and the operator V), for the elementwise application of V = (9/dz,d/dy,d/dz)".

We now introduce the finite element space associated with the tessellation 7j,.
Let P,(K) be the space of polynomials of degree at most p > 1 on K € 7. Over
each element K the H(curl)-conforming polynomial space is defined as

Q" = {ue Py ()5 wrly, € [Pp(si)]”; w-7jle, € Poles) ), (43)

where s;, ¢ = 1,2,3,4 are the faces of the element; e;, j = 1,2,3,4,5,6 are the
edges of the element; ur is the tangential component of u; and 7; is the directed
tangential vector on edge e;. We define the space ¥ as

P {0' e [L2Q)P | olx € Q7, VK € Th} .

Consider an interface F' € Fj, between element K” and element K. and let
n’ and n® represent their respective outward pointing normal vectors. We define
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the tangential jump and the average of the quantity w across interface F as
[ul; =n" x u® + n® xuf and  {u} = (u” +u") /2,

respectively. Here u” and u are the values of the trace of w at 9K and OK%,

respectively. At the boundary I', we set {u} = w and [u]; = n x u. In case we

only need the average of the tangential components, we use the notation {u}.
For the analysis in Section 4.4, we also define the DG norm

_1 1
IVllpe = (IVIE + Vh x vIE + 272 V7 11§ 7,)%,

where || - ||o,7, denotes the L?(F) norm, and h(xz) = hp, which is the diameter
of face F' containing , i.e. [|h™2 [v], |2 £ = Yorer, he [Vl 1§ p- Similarly, hg
denotes the diameter of element K. Note that the shape-regular property of the
mesh implies that there is a positive constant C; independent of the mesh size such
that for all faces F' and the associated elements KT and K we have

hF < Cd min{hKL,hKR}. (44)

To derive the DG formulations (in the next section) we first need to introduce

global lifting operators for w € 3. The global lifting operator L : [L2 (}"ﬁ)]g - b
is defined as

(L(w),v)g = / u-[olpdA, Voe s, (4.5)
2

and the global lifting operator R: [L? (]—"h)]3 — X as
(R(w),v)q = / u-fo}dA, Voesr. (4.6)
Fh

For a given face F € Fp, we will also need the local lifting operator
Rpe: [L2(F)]® — 52, defined as

(Rr(u),v), = /Fu ~fv}dA, YeeX). (4.7)

Note that R (u) vanishes outside the elements connected to the face F' so that for
a given element K € 7, we have the relation

R(u)= Y Re(u), Yue [L*(F)]. (4.8)
FeFy,

We also use the notation H" () for the Sobolev space (with a possibly non-integer
exponent) and the notation

H"(Tp) == {u € L*(Q): V x u|x € H'(K),YK € Tj,} ,
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4.3 Discontinuous Galerkin discretisation

We now derive the DG formulation for (4.1). We first provide a general bilinear
form where the choice of the numerical flux is not yet specified. Then we consider
two different definitions of the numerical flux, each of which results in a symmetric
algebraic system.

4.3.1 Derivation of the bilinear form

The derivation follows the same lines as the one in [80] for the Laplace operator.
However, this time it is carried out for the curl-curl operator. We also refer to [4]
for a unified analysis on DG methods for elliptic problems.

We first introduce the auxiliary variable g € [LQ(Q)]3 so that, instead of (4.1),
we can consider the first-order system

Vxq—kE=J inQQ,
gq=V X E in{, (4.9)
nxFE=g onl.

From here we follow the standard DG approach (given, for example, in [4] or
[80] for elliptic operators): a) multiply both equations in (4.9) with arbitrary test
functions ¢, w € ¥} and integrate by parts; b) in the element boundary integrals
substitute the numerical fluxes ¢ and Ej for their original counterparts; ¢) and
finally integrate again the second equation in (4.9) by parts. Then we seek the pair
(Er,q;) € 37 x X such that for all test functions (¢, ) € XY x 37:

(qhuvh X d))Q - k2 (Ehvd))Q + Z (’I’L X q;vd))a[( = (Ja ¢)Q? (410)
KeTy,
(@)= (Vi X Epm)g+ Y (nx (B}, — Ep),m)y - (4.11)
KeTy,

Before we proceed, we make use of the following result: for any given u,v € X7,
the identity

Z (n X u,v) 5, =

KeT,

— . {u}~[[v]]TdA—|—/ﬂ {[v}}-[[u]]TdA—l—/ (nxu) -vdd (4.12)

7

holds. Combine this with (4.10) and (4.11) to obtain
(@09 % D)o = (B @)~ [ {ai} - Tola
h

[ Aoh-lailpaas [ g oda=(10), (@13
A )
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and
(@) = (Vi x By~ [ {B;— By} -]
+/‘ {{ﬂ}}-[[E;;_Eh]]TdA+/ (nx (E} — Ey))-wdA. (4.14)
Fi Fb

We can use the lifting operators to express—and thus eliminate—the auxiliary vari-
able g, as a function of Ep. From (4.14) and from the definition of the lifting
operators (4.5) and (4.6), it follows that

4y =V x By — LI{E), — En}) + R([E}, — En]p).- (4.15)

Here we have also used the boundary definition of [-],.. Substituting (4.15) into
(4.13) and applying (4.11) results in the weak form

B(En, ¢) = (Vi X Ep, Vi, x @) — k* (En, ¢)q,
—/_ {E; — Ev} - [Vh % ¢]]TdA+/‘ [E, —Ein]l; -{Vi xp}dA
Fi Fi

- [ faid-Wlraa+ [ Taily - fopas (a16)
7 7

+/ (nx(Ez—Eh>)~<vhx¢>dA—/ g - (n x @) dA = (J, ).
Fb Fb

h

This is the general primal formulation where one still has freedom to make choices
about the numerical fluxes E}, and g}, that are most suitable for the problem. An
overview of different fluxes for the Poisson equation is given in [4].

4.3.2 Numerical fluxes

At this point, we specify the numerical fluxes Ej, and gj, in (4.16). We investigate
two different formulations, one of which results in the IP-DG formulation that was
thoroughly analysed in [46]. The other is similar to the stabilised central flux,
except that in the stabilisation term we use the local lifting operator (4.7). Note
that in both cases the numerical fluxes are consistent, i.e. VE, q € H(curl, Q) the
relations {E} =n x E, {q}} =n x g, [E]; = 0 and [g] = 0 hold.

Interior-penalty flux
First, we define the numerical fluxes so that they correspond to the IP flux,

E, ={Ev}, a,={VaxEp}—ar[Ei],, if FeF,
nxE, =g, q,=VyxE,—ap(nxE,)+apg, if FeF, (417
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with ap being the penalty parameter. We can now transform the following face
integrals as

[ 1B~ Baly - (Vs x $hdd=~ [ [Balr-Vh x 8} A
T Fh

/fb (o (B} = B) - (Vi x $)dd = [ (g=nx Bu)- (Vi x )

[ Aai-10lraa= [ qVix B} 6lpaa- [ arlBil, [l da.
i 7 7
/ (an;;)-gbdA:_/ (Vi % Ep) - (n x ¢)dA

Fh Fh

—|—/}_bap('n,><Eh)-(n><q{))dA—/]:baFg~(n><qb)dA7

h h
while the other face integrals are zero. If we plug these back to (4.16), define the
bilinear form BZP : EI}Z X Zi — R as

sz(Ehv ¢) =
(V1 B, V1 x 0)g — K (Bn @)~ [ [Buly {90 x 9} d4
-7:}1
—/ {thEh}[[d)]]TdA—F/
Fh

Fh

ar [E]; - [¢lpdA  (4.18)
and the linear form j,ip : ) — R as

T6) = 1.8l [ - (Vuxo)aa+ [ arg-(nxgpan (19

h h

we have the IP-DG method for the time-harmonic Maxwell equations, formulated
as follows. Find Ej € X} such that for all ¢ € X% the relation

Bl (En,¢) = J,"(¢) (4.20)
is satisfied. Note that in (4.18) we no longer distinguish explicitly between internal
and boundary faces. This is permissible thanks to the definitions of the average
and the tangential jump at the boundary.

Numerical flux of Brezzi formulation
As a next step, we define the numerical fluxes in the manner of Brezzi et al. [12]:

Ey, ={En}, g, ={a} - or((Bilr), if FeF,
n x B} =g, q; = q;, —ar(n x Ep) + ar(g), if Ferp. (4.21)
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where ag(u) = nr {Rr(up)} for F € Fj, and np € RT. Following the same line
of argument as before and using (4.15), the bilinear form (4.16) now transforms as

B(Eha¢) = (Vh X Eh7vh X ¢)Q - k2 (Ehad))ﬂ
—/ [y {5 x ¢}}dA—/ V4 x Er} - [6]ydA

(R(E; - B} - [BlpdA+ 3 / e ARP([E])} - []r-dA

FeF,

+/ (Vi x ¢)dA— ) /nFRF (nx ¢)dA. (4.22)

FeF}

Fh

We can now use the relation

. {R(EL - Enlp)} - [9]r dA = (R([EL — Exnlr), R([6]1))q
~ng Y (Re([Ef, —Enlp), Re([¢lr)q

FeFy,
=-ns Y (Re([Enly), Re([¢]7))q
FeF}
+n5 Y (Relg = [Exlp), Re([¢]r))q
FerF}
=—ns Y (Re([Enlp), Re([#l1)g + 15 Y (Re(9), Re([9]1))q
FeFy Fe]—'b

where n¢ is the number of faces of an element.
Let us introduce the bilinear form B : ¥¥ x ¥P — R and the linear form
T Y) - R as

By (En, @) = (Vi x By, Vi, X @) — k2 (En, @),
— /]: [[EhIIT . {{Vh X (ﬁ} dA — {Vh X Eh} . [[¢]]TdA

Fh

+ Y (r +1p) (RE([El7), Re([@]1))g,  (4.23)

FeFy

- [ 8- (Vux@)aas 3 (- ng) (Refa)-Relnx 6)y. (420

h FeF}
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respectively, then the discrete formulation for the time-harmonic Maxwell equations
can be written as follows. Find E}, € ¥} such that for all ¢ € X} the relation

By (Ep, ¢) = TP () (4.25)

is satisfied.

The discrete counterparts of the eigenvalue problem (4.2) for the IP and Brezzi
type DG methods naturally follow from (4.20) and (4.25), i.e. find k% € Ry such
that for some Ej, € XF, respectively, B,Y(Ey, @) = 0 and B (E),, ¢) = 0 are
satisfied for all ¢ € 37

4.4 Explicit parameter and error estimates

Both the IP and the Brezzi type DG formulations, given respectively by (4.20)
and (4.25), contain parameters that need to be set to ensure stability. In this
section, we provide explicit formulations for these parameters. First, we present an
accurate lower bound for the lifting operator R on tetrahedral elements, extending
the proof in [69] for hexahedra. Next, we recall the statements in [46], which are
necessary for the convergence proof and keep track of all constant terms. Using
these results we provide optimal penalty parameter for both the IP and the Brezzi
type DG method. We also point out that these conditions are sufficient for a
spurious-free convergence for the associated eigenvalue problems, discussed in [14].

In the consecutive estimates K* and KT denote the adjacent elements to the
face F' € Fj;, and we introduce

b = S S

V(KLY V(KR)

where S and V denote the surface and volume, respectively.

4.4.1 Bounds for the lifting operator

Lemma 1. For an arbitrary face Fx of K € Tj, any v € ¥}, satisfies the inequality

P’ Sy
72 Vi) | Mr

6.7 < IRF(IVIp)I% (4.26)

. . 8p? . .
where F?(p) = 82?:% ﬁ if p is even and F?(p) = (p+p1)2 Zf:pT,l+1 ﬁ if pis
odd.

Proof: The proof is divided into three steps.

Step 1  Extension operator on the reference tetrahedron. We first consider a
reference tetrahedron K with vertices (1,1,1),(-1,1,1),(1,-1,1),(1,1,—1) and
define an extension operator corresponding to the face F opposite to (1,1,1). Let
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A; denote a triangle with vertices (s,1,1),(1,s,1),(1,1,s). An arbitrary point
(&,m,¢) can be represented as

(577770 = (17 S, 1) + U(O, 1- $,8 — 1) + ’U(S - 17 1- S, 0)3 (427)

where 0 < w,v,u+v <1 and —1 < s < 1, hence F = A_;. The Jacobian of the
mapping (&,7,¢) — (u,v, s) is

0 s—1 v
1-s 1—-s 1—u—w (4.28)
s—1 0 U

with the determinant (1 — s)? and under this transformation the face F' is mapped
to the face F.

We now define the extension of the polynomial g?): F — R, which is given in
terms of the local coordinates (u,v). Note that the transformation (£,7,() —
(u,v, s) is linear from F to F and therefore

/ﬁ\iﬁl2 = gg;/FW - %/ﬁléﬁl? (4.29)

If the order p of the polynomial é is even, the extension E((&) is defined as

E(®)(u,v,s) Z P(O 2) d(u,v), (4.30)
J_p-‘rl

where Pj(o’2) denotes the jth-order Jacobi polynomial on (—1,1) with the weight
function w(z) = (1 + )% and Pj(o’2)(1) = 1. It is also known that

23 FG+3LG+1) oo 88
(2§ +3)0(G+3) Y 2j+3

/ (1+ )2 P02 (2) PO (1) dar =

The identity in (4.30) gives that E((;S)(u,v, -1) = q?)(u,v). In terms of &, 1,(, we
have, using (4.27) with ¢(u,v) = ¢(&,n) that

E(d)(&n,C) =o(&mn)  atF,

hence E(¢) is in fact an extension of ¢. Using (4.28), (4.30) and (4.29), we have

/IA{|EA'((ZA5)(§777 / / /1 ’ (u, v, 8)>(1 = 5)? dudv ds

/ //1 i Zp: P (=5)d(u,v) (1—8)2dudvds (4.31)

z L+1
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171
—/ Z ZPOQ P(OQ( )(1—s) ds// d(u,v)|? du dv

“lizzt1=841

4 &8 o 1 ¢ 1 9
-2 Y g L= Zf 5 [ 108

=541 i=

N\‘d

As a result, we obtain the relation

A 11
1E@)o.x = 575, Mo,z (4.32)
where
=38 ;1 %13 if p is even. (4.33)

Analogously, for odd p we define the extension as

p
B@)wvs) == 3 POV(0)iwo)
i=25l 41

and the same derivation as in (4.31) gives that

~ 1 % 8 (
(o[ Fp—— J1or === (430
0K =\ B(p+1)2 i_gir 2 +3 \[ 0,F
such that we have
2 8p? -
F<(p) = PESIE Z % 13 if p is odd. (4.35)
i=25l 41

For computing the norm of the extension operator E., both for odd and even p, we
use the estimates

p
1 LA | 1 2 1
E - S/—dt:—ln p+3 < -In2
2i+ 3 » 2t + 3 2 p+3 2

i=541

p
1 oo 1 /2 1
Y g/ dt=tm (23 L
20+3 = Ju1 2613 2 "\ px2 ) =2

i=25 41

and

and obtain the simple estimate
F?(p) < 4In2. (4.36)

The estimate in (4.36) is sharp as limp — oo.
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Step 2 Ertension operator on a general tetrahedron. For an arbitrary tetrahedron
K with a face Fx we define the affine transformation Tk : K — K as

Tx(X) = Jgx +b, where beR® Jr € R¥3 and Tx(F) = Fxk.

The extension E of a function ¢ : Fx — R is given then as follows:
e We define the function gb F — R with

$(%) == ¢(TiX).

e We extend ¢ to E’(dg) using the method in Step 1.
e The extension to K is given by

E(¢)(x) = B(d)(T ).

As Jk is linear, we can apply a simple change of variables x = T (X) for computing
the integral of any g € L;(K):

P V(K)/ O
x) = |det J, / X) = —=_ X). 4.37
[ 900 = e [ o) = 5 [ 95 (437)
Since the restriction of Jx to the face Fx of K remains affine, we also have, as in
(4.29), that
S(FK)/ o
X) = = X). 4.38
[, s00 =55 [t (4.38)
Using (4.37) with the relations (4.32), (4.34) and (4.38) we obtain
VE), 20 V(K) 1 F*(p), -
E 2 _ NEGI2 . = h 2
I1E(&)5,x V(K)H @)5.% V) VB P 2115, 2
V(K) 1 S(F) F%(p S(F) V(K) 1 F?
W) 2 S D g3 g, = S VEL S B gz (439

" V(K) V3 S(Fk) V(K)S(Fx) V3 p

On the reference tetrahedron K we extended ¢ from the face F' with S(F) = 2v/3
and we have V(K) = 3, therefore (4.39) reduces to

1Bk = S g L 0

(4.40)

Step 8 — The inequality for the jump term. Using the estimate in (4.40), the
definition of R in (4.7) with the fact that E([v],) is continuous on 0K we obtain

I8 e = [ B / Re([¥ly) - B(Vy)

F(p)
o ) I ke o

< Re([¥Ir)llo.x (

N |
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which gives the desired inequality. [
Remark: Since K is an arbitrary element adjacent to Fx, we can rewrite the
estimate in Lemma 1 as

2 D
M 7p|\ Vi 13.r < IRe VD 16 k- (4.41)

In the following lemma, we will make use of the inverse trace inequality on an
arbitrary face F' of the element K

b < PERPED S i (1.42)

[w

in 37, which is proved in Theorem 4 in [82].

Lemma 2. For every face F € Fj, and every v € X we have the inequality

Re(ivlllo < | LD oy (1.43)

Proof. The definition of the [L2(£2)]> norm and the trace inequality in (4.42) give
that for an arbitrary v € X

||RF(HV]T)|‘O: sup M: sup M

wesp Wl e Tl
1
|hhmf(&(wwgﬁmﬁf)z
< sup
weh [wllo

N

¥z llo.r (5UIWIZ g + [1WI5 )
p

< su
werr Iwllo
BV s 14 P %
= Ssup
wes? [wllo
1
1 V(KL) 3 9 V(KR) 3 9 ))2
3 w + w
(3 (5t sromes ™+ sty prpTa e
o VMR o (3 (W18 e+ W1 )
< sup
werr wllo
Mp R [y o pllwllo  [2p(p+ 1)(p + 3)
< sup = I vz llo,r,
) wlo 6
wezh

as stated. O
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4.4.2 Garding inequalities and continuity estimates

We begin by proving the Garding inequality for the bilinear form of the Brezzi type
DG formulation (4.25).

Lemma 3. There exist constants {nro}rer,, independent of the discretisation
parameter h = max g7, diam K and the wave number k, such that for all v € X}
and all parameters np > nro we have the following inequality

By (v.v) = B|vlba — (K + ) vE. (4.44)
Proof. The right hand side of (4.44) can be rewritten as
F(IVh x vIlg + 072 V17 5 7,) — KIIVIIG.
Therefore, using (4.23) it is sufficient to prove that

IV xvIE =2 [ Wl 490 xvh dd+ 3 (g + me)Re(iv1IE

Fn FeFy,
_1
> B2(IVh x v[lg + 1072 [V I8 5,)-  (4.45)

The second term on the left hand side can be estimated with any positive Cgr and
Ckr as,

2/ My {Va x v} dA

_ 1-p6% 1 L
zc L[Vl O Y——h2 V), x vE|
Feth/ et 0 VP, v

_1 J1—032 1
+ hp?Crk [[V]]T~CKRTﬁh;VhXVR|FdA (4.46)

WF

1— 2
<=3 O MO MR+ > hrCiaIVn x vE G
Fer, FeFp
2
o 2 O M B+ X hrChalVa x A
FeFy EEFn

Applying (4.42) to the curl terms on the right-hand side of (4.46), we obtain

1— 2
b GV v 1R
=P (p+1D(p+3) S

=y 3 V(KL)

hrpC%., IV x vE§ ko, (4.47)

and in the same way
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hiCier | Vi x vE§

1—52

1-p52
4

(P+1Dp+3) S(F)

2
I Cien 3 V(KR)

IV % VP2 gen. (4.48)

For the jump terms, using (4.26), we obtain

13 V(KE) F2(p)

Crihp N vlp 18.F < Cxihy 2 S(F) IRE([v])II5, (4.49)
and in the same way
o 3V(KR) F2(p
Cah | e 12 p < 2 SLE LW ip (e (4s0)
2 S(F) p
Choosing
3-V(KEL) 3-V(KF)
Crr = d Cgr=
K \/hp(p+1)(p+3)~S(F) and b \/hF(p+1)(P+3) -S(F)

respectively, and summation of the inequalities in (4.47) and (4.48) (for all of the
four faces of all tetrahedra) gives that

— 32 1—

> heCRi||Va x VG p + —— Z heCrr Vi x v ¢
FeFy FeFn

<A =B)IVax vl (4.51)

and similarly, summation of (4.49) and (4.50) gives that

O Y =5 3 M s

FeFy FeFy

1 F*p)p+1)(p+3)
< i PP R ). (452)

Using estimates (4.51) and (4.52) in (4.46) we obtain that

2/} V- V5 x v} dA

"1 P ey (459
St IR+ (= IV Vi,

Therefore, using also (4.41) we can estimate the left hand side of (4.45) as

IVh x V|2 — z/f Vg - {Va x v} dA+ D (0 +np)[Re([VIP)IG
3 FeFn
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F2
> P1Vxvig 4 3 (4 - 22O g
FeF,

> B|Va x i+ D hr (nf +r - 1

1 Fp)p+1)p+ 3))
FeFn

Iy p?
I I (450
Therefore, we have to choose ng such that

1L Fp)l+Dp+ 3)) 2 p°
1-p2 P’ 3 F2(p)
and with this (4.45) is satisfied. O

Remarks:
1. Given that ny = 4 for tetrahedra we can make the condition for nr explicit,

_Fp) (357 e+ )+3)\
Nro = —H + 5 —4
D 2hpMp 1-p

2. The coercivity constant ( is, however, still undefined. Using the a priori error
analysis, which will be discussed in the next section, we can find an optimal
value for ng .

2

3. A straightforward estimation gives that w > 1, which together

with (4.55) gives that

(4.56)

ng+np>1  if 0<pB2<1. (4.57)

Observe that for an arbitrary K we have diam K = hp > mp, where F is a
face of K and mp is the height corresponding to F'. Hence,

S(F)hp > S(F)ymp = 3V (K)

and therefore,

S(F) _S(F) }23. (4.58)

hpMp > h —
per, P = R, M { V(KL) V(KR)

Using the method in Lemma 3 we can also obtain a bound for the penalty pa-
rameter in the interior penalty (IP) method (4.18) such that the Garding inequality
is valid.

Lemma 4. There exist constants ap o, independent of the discretisation parameter
h = maxge7, diam K and the wave number k, such that for all v € ¥} and all
parameters ap > ap we have the following inequality

B (v,v) > BP|vllpe — (K + B%)|v3. (4.59)
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Proof. According to the proof of Lemma 3 it is sufficient to prove that

Vi x v]a — 2/F [Vlp - {Va x v} dA+ Z ar| Vlr 15
h

FeFy
_1
> F(|Va x vI[§ + 072 [V I3, 7,)-  (4.60)

With the same choice of coefficients Cir and Cgr as in Lemma 3, we obtain the
inequality

2/ [V, Vi x v} dA
<=7 X Oy =5 3 Ch M s

FeFy FeFp

1 (p+ 1)(p + 3) <Vi(}§2) + Vig}l)) H [[V]]T H?‘-‘;L,O'

Substituting (4.46) into the right-hand side and using also (4.51), the left hand side
of (4.60) is estimated as

<
=1-p2 3

190 x VI3 - 2 / [Vlr - AV x vh dA+ S ap] [Vl

FeFy,
> 32|V x v|2 (4.61)
1 1 3) [ S(F S(F .
b 3 e (o - 2 OEHEES (B S bt v B

FeFy,

We have to choose then the parameter ap on the face F' such that
S(F) . SF) 2
h 1 3 > 3%,
F(aF 523(194' )(p+ )(V(KL)+V(KR) 2 f

which gives the explicit bound

2
aFo_*-i-

152 3P+ 1) +3) (VS((;?L)) - Vig;)) : (4.62)

This proves the lemma. [
In the error analysis one has to consider (see [46]) the extended (cf. (4.23))
bilinear form

B’ (Hp(curl, Q) + XP) x (Ho(curl, Q) + 27) — R,

which is given as

B (w,v) = (Vi x u,Vj, x v)q — k*(u,v)g — Z (Rr([uly), Vi x v)q
FeFy,
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~ (Re(Vlp), Vi x wa + D (ng +1p)(Re([ul). Re([Vlr))e
FeFy,

and the linear form 7, : Ho(curl, Q) + X7 — R, defined as
In(v) = (J;v)a

when zero boundary conditions are considered. In following two lemmas we use

the notation
1 3
M= s \/hFMF@+><p+>_
FEFy, 6

Using (4.58) for p > 1 we have that M > 2.
Using the inverse trace inequality (4.42) we also have that

(p+1(p+3) S(F)
3 V(KL)

(p+1)(p+3)
3

IVh < u™[f p < IV > ulfg e

S h;l max MFhF

VvV, x ull?
max 198 %l o

< 2h ' MP||Vy x ul|f o (4.63)
and a similar estimate holds for the neighboring element K.

Lemma 5. The bilinear form B is continuous on (Ho(curl,Q2) + %) x
(Ho(curl, Q) + X7) with respect to the DG norm, i.e. the following inequality holds
for all u =g +up, and v = vy + vy, with ug,vo € Ho(curl, Q) and uy, vy, € X7 -

B (u,v) < Cluljpc|Ivllpe, (4.64)

where

C = max {kz, ZMz (ny +7}F)}.

Proof. Using the triangle inequality, Lemma 2, the result of the eigenvalue problem
discussed in the Appendix, the estimate M > 2 and (4.57) we obtain that

B (0,v) < (Vi x 0, V4 x Vol + Bl v)al + 3 [(Re([uly), Va x v)al
FeFy

+ (R ([VIz), Vi x wal + 1 Y (ng +0r)(Re([ulr), Re(VIr)al
FeFy

<|[Va x uflol Vi x Vo + & ullolIvlio + D [Re([ulp)llolVa x vllo
FeFy,

+ >RVl Ve x ullo+1 Y (ng +ne)IRe([al )l Re([VI) o
FeFn FeFn
<V x ullo[[Va x vllo + E[lullolv]lo
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_1 _1

+ M|bz? [ul g o7, Ve x v]o + Mbg? [VIg o7, Ve x ullo
_1 _1

+ M?|hp2 [u]y llo, 7 Ihp2 [V]g oz, max (s +1r)

< max {k% 1+ M? (ng +np)} [ullocllvlbe
FeFy

5
< 2 24 2
< e {2302 0y 4 0 { oVl

which was stated in the lemma. O

The fourth inequality in the previous lemma is obtained by solving a simple
eigenvalue problem, relegated to the Appendix for the sake of readability.

A similar result can be proved for the IP method. In the analysis of the IP
method one uses use extension of the discretisation operator to (Hp(curl, Q) +
¥7) x (Hp(curl, Q) + X¥) — R, see [46]. For this the following estimate is valid.

Lemma 6. The bilinear form B% is continuous on (Hp(curl,Q) + XP) x
(Ho(curl, Q) + X7) with respect to the DG norm, i.e. the following inequality holds
for all u =g +up, and v = v + vj, with ug,vo € Ho(curl, Q) and uy, vy, € X7 -

B (u,v) < Cllufpc|vlpe,
where
C= max {k% hrap + ‘;’M} : (4.65)
Proof. Using the triangle inequality and (4.63), we obtain that
B?(u,v) <

< IV x ullol Vi x vllo + & [[ullo]|vllo

1
+ > [y lo.rll5 (Va vE+ Vi x v

0,F
FeFy
1
+ 3 1 VIr llo.rll5 (Vh x u’ + Vi x ulor+ Y ar| [uly ozl Vg llo,r
FeFy, FeFy

< IV > ullo[Va x vllo + & [[ullo[[v]lo

[N

_1 1
+ |72 [u]7 o7, ( > hrll5 (Vi x u” 4V, x 11R)|3,F>

FeFy

Nl

) 1
+ 5% [y o7, < 2 hellg(Vhx vt Vixv) g’F>
FeFn

_1 _1
+ Z hrap - hp® | [ulr llor - hp? [ [VIF llor
FeFy

< IV x ullol Vi x vllo + & [[ullo]|vllo
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Nl

_1 hr hi
+ 272 [u]7 [lo,7, ( > 5 IV x u” |5+ 5 [V x 11R3,F>
FeF,

Nl

_1 hF hF
+ 72 [Vir [lo.7, ( > S Vi x VEIIG p + 5 VA % VR?J,F)
FeFy,

0,F

+ 3 heap- bt [uly lor - et | V|
FeFn

<|IVa xullol[Va x vo + E*[lullofvlo

N

_1
+ 272 [u] 7 [lo.7, ( > MPVi xullf o+ M|V x U||§,KR)
FeFy

W=

+ 072 VI llo.7, ( > MP|Vi x VI3 gr + MV x V||3,KR>

FeF,

_1
0.7 hg? [ [Vlzllor

_1
+ max hpap > bt [uly
FeFy,

_1
<|IVh xullo[[Va x v]o + E*[ullo/[v]o + 2M|n™2 [u] 1 [lo,7, [ Vi X ullo

_1 _1 _1
+2M|L7F VD7 llo7 [Va x vlo + max hpap|b™ [u]r oz, 072 [Vlz [lo.7,
h

3
< k2. h - .
_;nfx{ , FaF+2M}||uDG||v|DG

as stated in the lemma. [

The penultimate inequality is, again, the consequence of the a simple eigenvalue
problem - see the Appendix - and the estimate maxpec 7 hpap > 1, which can be
proved using (4.62) with M > 2.

Use now the Gérding inequality and the boundedness of B°"(u,v) to obtain the
following expression for the error,

B|E - Epllpe < B (E—EyE—Ey) + (K + 8°) |E-Eulf o
=B (E—E,,E—v)+ (K + 5 [|[E-E}|5 o (4.66)

5
< max { k%, S M? (n J|E-E E—-v
< e {12 302 0y 0) | 1B Bl [~ vloc

(K + B)E - B,
where in the second line the orthogonality relation with v € X} was used. From
this we can arrive at the estimate

2
0,

1 )
E-Eildpc < — 2 = M? inf [|E— v}
I8~ Bullbe < 55 s {12 5% (040 ind 1B~ vl

k* + 52

+ 2

IE —Epl§o- (4.67)
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Note that the coefficient

S(F)  S(F)
V(KL) V(KT)

MFhF:maX{ }hF:(’)(l),

so the error depends on k2, the polynomial order p and the interpolation error,
which in turn depends on h and p. In addition, the coercivity constant § plays an
important part too and its value is related to the penalty parameter.

4.4.3 Optimal value for the penalty parameters

The penalty parameter ng in the Brezzi DG formulation (4.25) and the coercivity
constant 3 in the Garding inequality are related by (4.55) through

3F2(p) 8 1 (p+1)+3)

F2%(p) — 4.68
W A 7 o (p) —ny, (4.68)

while according to (4.67) optimal accuracy requires a minimal coefficient

1 )

Take now the minimum value for g in (4.68) and use this in (4.69). For an optimal
stabilisation, hence with a minimal effect on accuracy and efficiency, we need to
minimise the second term in (4.69), i.e. the following quantity:

(p+1)(p+3)

3F%(p) o 1 (p+D)(p+3) , (p+1)(p+3)
(2p2hFMF T — 52 2 F (p)> - TMFhF.

For this we can leave all constants and find § that minimises the following

1 (p+1)(p+3)F(p)
B%(1 - 3%) p? '

An elementary calculation gives that 3% = % such that using (4.56) we obtain the
optimal value of np in BZT,

_ F*(p) 3
0= \ A My

+2(p+ 1)(p+3)> — 4. (4.70)

Analogously to the analysis for ng we can find an optimal value of ag using the

relations (cf. (4.62))
2 1 1 S(F S(F
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and minimise hg;F in (4.65) with an appropriate 5. Using (4.71) we obtain

1 1 S(F) | S
. N mg(p+ D(p+3) (V(KL) V(KR)>

+

and again, we have a minimal value at 32 = % The optimal value of ar is thus

S(F)  S(F)
v V(KR)> . (4.72)

1 2
arp=——+z(@+1)(p+3
Fo= i+ 30+ D6+
Note an interesting difference between the approximations using B? and B" is that
ar in the IP-DG method needs to be increased quadratically with the polynomial
order, whereas in the DG method of the Brezzi type formulation

lim np =8In2 — 4.

p—0o0

4.4.4 Convergence of the Brezzi type DG method

Using Lemma 3 and Lemma 5 one can see that with obvious modifications the
analysis in [46] can be carried out for the Brezzi type bilinear form and accordingly,
we obtain the following:

Theorem 1. Assume that ng satisfies the condition in Lemma 3 and for some
parameter s > % the exact solution of (4.1) satisfies

E € H*(Q) and VxEeH*Q).

Then using a full polynomial finite element space of order p with a mesh size h
sufficiently small, we have the following error bound

IE — Enllng < 572K Ch™™P (||l 0 + |V x Ells0) (4.73)

where the constant C' does not depend on h and k. 0O

Remarks:
1. The k and (8 dependence of the constants can be obtained in the same way
as in Proposition 5.1 in [46].
2. The constant C in (4.73) depends on the coefficients in interpolation esti-
mates, which can again depend on the geometry of the mesh and the poly-
nomial order of the finite elements.

The results in [46] have been extended in [14], where a general framework is laid
down to investigate the asymptotic spectral correctness of any DG discretisation of
(4.2). Also, if a DG discretisation of (4.2) is spectrally correct (i.e. free of spurious
modes), then the existence and uniqueness of the solution for the indefinite problem
(4.1) is guaranteed. In order prove asymptotic spectral correctness, one only needs
to check a set of conditions. These were proved for the symmetric IP-DG method in
[14] on tetrahedral meshes and the results trivially extend to some other symmetric
DG discretisations, including the Brezzi type considered in this chapter.
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4.5 Numerical experiments

The numerical examples in this section serve two purposes. First, they intend to
show how sharp the parameter estimates are in the previous section. We will see
how the L2-error and the number of iterations (i.e. computational work) changes as
a function of the penalty parameter for both the IP-DG method and the method
of Brezzi et al. [12]. Second, we provide asymptotic convergence tests for both
methods. Although we have little to add to the theoretical results in [46, 14], our
three-dimensional computations complement those results as they have so far been
only verified on two-dimensional meshes [13, 15].

As a test example, we consider the Maxwell equations (4.1) with k2 = 1 in the
domain Q = (0, 1)3 and assume the boundary to be a perfect electric conductor
(PEC), i.e. ¢ =0 in (4.1). The source term is given as

sin(my) sin(wz)
J(z,y,2) = (2r* — 1) | sin(nz) sin(nz) | , (4.74)
sin(ma) sin(7y)

so we have the exact solution

sin(7y) sin(7z)
E(z,y,z) = | sin(wz)sin(rz) | . (4.75)
sin(7mz) sin(my)

For all computations, a hierarchic construction of H (curl)-conforming vector-valued
basis functions is used [2, 74]. The first six of the basis functions constitute the first-
order first-family of Nédélec elements [58]. The first twelve of the basis functions
used here are not the same as those that form the first-order second-family of
Nédélec elements. However, they span exactly the same space and have the same
approximation properties as those, defined in [59].

All numerical computations have been carried out in the framework of hpGEM
[62], a software environment for DG discretisations suitable for a variety of physical
problems. To solve the linear system that results from the DG discretisations,
we use PETSc [5] and opt for MINRES as a suitable linear solver with incomplete
Cholesky factorisation (ICC)! as preconditioners.

4.5.1 Sharpness of the parameter estimates

In this example, we demonstrate the sharpness of the estimates (4.70) and (4.72).
A range of different values of g and ap are used on two different meshes. One is
a structured mesh of 320 tetrahedra and the other is an unstructured mesh of 432
tetrahedra. A tolerance of tol = 1078 is used in MINRES, but the linear solver is
stopped after 10° iterations even if that tolerance is not achieved.

TWe note that ICC is not, in general, guaranteed to work for the discretisations considered
here since the linear system is indefinite and Cholesky factorisation requires a positive definite
matrix. However, it is successful in the following examples precisely because the factorisation is
now incomplete.
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For the DG method using the Brezzi formulation, we show the results on the
structured mesh in Figure 4.1 and on the unstructured mesh in Figure 4.2. For
the IP-DG method, Figure 4.3 depicts the results on the structured mesh and Fig-
ure 4.4 for the unstructured one. The critical parameter value is clearly visible in
the plots for both methods: this is the point where the error as well as the iteration
count drop dramatically. From here the error increases slightly as it converges to
the error of the H(curl)-conforming discretisation ~where the tangential continu-
ity is enforced strongly through the basis function rather than weakly through the
penalty term — of the same order. This convergence behaviour is a direct conse-
quence of the theoretical and numerical study on the Maxwell eigenvalue problem
in [81].

In contrast, the number of iterations increases indefinitely as the penalty pa-
rameters grow, resulting in excess computational cost. The increase is markedly
steeper on the unstructured mesh than on the structured one. In each plot, bullet
points indicate the theoretical estimates (4.70) and (4.72), shown to be the optimal
choice in the previous section. The theoretical estimates provide a clearly stable
solution with computational cost no more than two times higher than the numer-
ically established minimum. The estimate for the penalty parameter ap of the
IP-DG method is somewhat sharper than for the penalty parameter iz of the DG
method with the Brezzi formulation. For both DG methods, the estimates for the
higher-order polynomials, p = 3 and, especially, p = 4, are noticeably sharper. It
is noteworthy that the estimate for ap of the IP-DG method grows as we increase
the polynomial order whereas for the DG method with the Brezzi formulation it
is approximately constant. These properties are also reflected in the numerically
established stability criterion.

4.5.2 Asymptotic convergence

The theoretical framework for determining the asymptotic convergence rates of
DG discretisations of the Maxwell equations is fairly complete in [14], albeit for
conformal meshes. However, those theoretical results have so far been accompanied
by two-dimensional computations only [46, 13, 15]. We now provide numerical
three-dimensional convergence results for both DG methods discussed in this work.

The computations are performed on two different sequences of meshes. The first
are highly structured meshes and constructed as follows. The domain §2 = (0, 1)3
is divided into n x n x n number of congruent subcubes, with integer n = 2™ and
nonnegative integer m. We then divide each of these subcubes into five tetrahedra,
four of which are congruent and have volume one-sixth of the original cube. The
fifth has volume one-third of the original cube. Although the mesh is not uniform,
this has proved to be a simple and convenient way of measuring convergence, as
each time we refine the mesh, the maximum of the face diameter hr will be exactly
half of that of the previous mesh. The convergence results on structured meshes
are shown in Table I for the IP-DG method and in Table III for the DG method
using the Brezzi formulation.

We have also run the same example on a sequence of unstructured meshes. The
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meshes were generated by CentaurSoft (http://www.centaursoft.com), a package
suitable for generating a variety of hybrid meshes with complex geometries. In this
sequence of meshes, we begin with a coarse mesh of 54 tetrahedra. Then we divide
each tetrahedron into eight smaller tetrahedra to get the next (finer) mesh. The
convergence results on unstructured meshes are depicted in Table II for the IP-DG
discretisation and in Table IV for the DG method using the Brezzi formulation.
Based on the analysis in [46] and [13], the optimal convergence rate for this
example is O(hPT1) in the L?(Q)-norm and O(h?) in the DG norm. We can see that,
for both methods on structured meshes, the optimal convergence rate is achieved
in the L2(£2)-norm, and higher-than-optimal convergence rates are observed in the
DG norm. On unstructured meshes, we only have an estimated convergence rate

with h ~ Ne_lé. Here the convergence rates are slightly suboptimal, in part because
we have to estimate the rates of convergence, and in part because we are still in
the pre-asymptotic regime.

As a second example of asymptotic convergence, we solve the discrete eigenvalue
problem that results from the DG approximation of (4.1) when the Brezzi type
DG method (4.23) is used. All the eigenvalues of (4.1), corresponding to smooth
eigenfunctions, are known to be

w? =72 (I + m? 4 n?)

where [, m and n are non-negative integers such that Im + In +nm > 0. When
Imn > 0, there are two identical eigenvalues associated with linearly independent
eigenfunctions. Again, the analysis in [14] provides a theoretical estimate for the
convergence rate of the eigenvalues. That rate is O(h?P) for both methods de-
scribed here, since the eigenspaces are smooth and the discretisations symmetric.
Tables V VIII show on a sequence of uniform meshes the first twenty exact and
approximate eigenvalues, representing five different values because of the multiplic-
ity. All eigenvalues are clearly free of spurious modes in this part of the spectrum.
Actually, all eigenvalues whose eigenfunctions are reasonably well-resolved (e.g. rel-
ative L2-error of 0.1 at most) are in the ‘clear’ spectrum for the parameter estimates
derived in Section 4.4. The approximated eigenvalues converge asymptotically at a
rate predicted by the theoretical results [14] and found in two-dimensional experi-
ments [13].

4.6 Concluding remarks and outlook

We have derived optimal penalty parameters and error estimates for symmetric
discontinuous Galerkin discretisations of the time-harmonic Maxwell equations.
The penalty parameters are given so that the geometric information of the mesh
and the polynomial order are taken into account and therefore they are valid in
the pre-asymptotic regime. This contrasts earlier results in the same field, which
focused mainly on the asymptotic behaviour of the schemes. It is important that
both the theoretical results and the ensuing numerical simulations consider finite
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Table I: Convergence of the IP-DG method on structured meshes

p=1
IE —Epglo Order |E — Erlpc Order
Na=5 2 5854E-01 - 4.5133E-01
Ng = 40 2.5686E-01 0.01 3.9962E-01 0.18
Ne = 320 5.8863E-02 2.13 1.1723E-01 1.78
Ng = 2560 1.4605E-02 2.01 4.5535E-02 1.36
No = 20480 3.6754E-03 1.99 2.0669E-02 1.14
p=2
IE — Exlo Order |E — Erlpc Order
Ng =5 2.8524E-01 — 4.1467E-01
Ng =40 3.1044E-02 3.20 5.0040E-02 3.05
Ng = 320 3.7101E-03 3.06 8.2802E-03 2.60
Ng = 2560 4.6444E-04 3.00 1.7224E-03 2.27
p=3
|IE — Eprlo Order |E — Exllpe Order
Ng = 5.7244E-02 8.5302E-02
Ng = 40 4.5008E-03 3.67 7.1218E-03 3.58
Ng = 320 2.3366E-04 4.27 5.0151e-04 3.83
p=4
IE — Exllo Order |E — Erlpc Order
Ng =5 2.3057E-02 — 3.2834E-02
Ng =40 5.3477TE-04 5.43 8.1995E-04 5.32
Ng = 320 1.5714E-05 5.09 3.0315E-05 4.75
p=5
||E - Eh”O Order HE - Eh”DG Order
Neg =5 4.4752E-03 6.4666E-03
Ng =40 1.4442E-04 4.95 2.0711E-04 4.96
Ng = 320 1.1092E-06 7.02 1.8604E-06 6.80

mesh sizes in three dimensions, because in practice three-dimensional simulations
are rarely asymptotic.

The numerical examples we have presented show that the theoretical estimates
are sharper for higher-order polynomials in terms of computational work, and even
in the worst case they are no more than 2-3 times more expensive than the best
value that we found numerically. Finally, numerical convergence results are also
provided to complement the existing theoretical and lower-dimensional numerical
results in literature.
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Table II: Convergence of the IP-DG on unstructured meshes

p=1
IE —Epgllo Order |E — Enllpc Order
Ne = 54 2.2548E-01 — 3.6943E-01 —
No =432 7.1925E-02 1.65 1.4363E-01 1.36
N = 3456 2.1031E-02 1.77 6.1771E-02 1.22
N = 27648 6.2947E-03 1.74 3.8283E-02 0.69
p=2
IE — Enxllo Order |IE — Erlipc Order
Ne =54 3.0435E-02 — 4.9090E-02 —
Ng = 432 4.9945E-03 2.61 1.0397E-02 2.24
Ng1 = 3456 7.2720E-04 2.78 2.4843E-03 2.07
p=3
IE —Epgllo Order |E — Enlpc Order
Ng = 54 4.8645E-03 — 7.9219E-03 —
N =432 4.9752E-04 3.29 9.8238E-04 3.01
N = 3456 4.1326E-05 3.60 1.2622E-04 2.96
p=4
IE — Exlo Order |E — Eilpe Order
N =54 5.4669E-04 8.2955E-04
N =432 3.7641E-05 3.86 6.3357E-05 3.71
p=5
IE —Epllo Order |IE — Enlpc Order
Ng =54 1.4740E-04 — 2.1325E-04 —
N = 432 6.0287E-06 4.61 9.2191E-06 4.53

Appendix

To obtain the fourth inequalities in Lemma 5, we rewrite the expression on the
left-hand side of that inequality as

(Au,v),
where
k2 0 0
0 1 M
2 )
0 M max (ny +nr) M
and

_1 T
= (Jlullo, IV x ullo, 1h7* [uly o) = lul = llullbe,
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Table III: Convergence of the method of DG method using the Brezzi formulation on
structured meshes

p=1
IE — Eprlo Order |E — Exllpe Order
Neg =5 5.2216E-01 7.4201E-01
N =40 3.0615E-01 0.77 4.3594E-01 0.77
Ng = 320 7.1871E-02 2.09 1.0625E-01 2.04
Ne1 = 2560 1.7673E-02 2.02 2.9920E-02 1.83
N = 20480 4.4003E-03 2.01 1.0473E-02 1.51
p=2
||E - Eh”O Order HE - Eh”DG Order
Neg =5 3.0892E-01 — 4.3901E-01 —
N =40 3.3887E-02 3.19 4.9367E-02 3.15
N = 320 4.0850E-03 3.05 6.7364E-03 2.87
Ng = 2560 5.0782E-04 3.01 1.1718E-03 2.52
p=3
IE — Epllo Order |E — Exlpc Order
Ng =5 6.4391E-02 — 9.1864E-02 —
Ng = 40 4.7730E-03 3.75 6.9565E-03 3.72
N = 320 2.4716E-04 4.27 4.3197E-04 4.01
p=4
||E — Eh”O Order HE — Eh”DG Order
Neg =5 2.3335E-02 — 3.3088E-02 —
N =40 5.5087E-04 5.40 8.1681E-04 5.34
N = 320 1.6179E-05 5.09 2.8348E-05 4.85
p=5
IE — Exlo Order |E —Exlpc Order
N =5 4.3251E-03 — 6.1734E-03 —
Ng =40 1.4449E-04 4.90 2.0586E-04 4.91
Ne = 320 1.1041E-06 7.03 1.8247E-06 6.82
1 T
v = (V0. IV x Vlos 1072 Wz lom) = [xl = IVlipe-

Since A is symmetric we have

(Au,v) < max [A[[u]|v]= max [A|[u][[v],
A€eig(A) A€eig(A)

from which a straightforward computation gives

Al = k2 Ao},
e, | = max (k% 2o}
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Table IV: Convergence of the DG method using the Brezzi formulation on unstructured

2

meshes
p=1
IE — Exllo Order |IE — Eilpe Order
N =54 2.9871E-01 4.2626E-01
N =432 9.4108E-02 1.67 1.3758E-01 1.63
Ng = 3456 2.7543E-02 1.77 4.3294E-02 1.67
Ng = 27648 8.3263E-03 1.73 1.5441E-02 1.49
p=2
IE —Epglo Order |IE — Enlpc Order
Ne = 54 3.3293E-02 — 4.8203E-02 —
N =432 5.4652E-03 2.61 8.4958E-03 2.50
N = 3456 7.9569E-04 2.78 1.5428E-03 2.46
p=3
IE — Erllo Order |IE — Eilpe Order
N =54 5.2936E-03 7.7574E-03
N =432 5.2925E-04 3.32 8.3911E-04 3.21
N = 3456 4.3710E-05 3.60 8.7359E-05 3.26
p=4
|E—Eh||0 Order HE_EhHDG Order
Ng = 54 5.6374E-04 — 8.2022E-04 —
Ne = 432 3.8520E-05 3.87 5.8694E-05 3.80
p=5
IE —Epgllo Order |E — Enlpg Order
Ne = 54 1.4759E-04 — 2.1091E-04 —
N =432 6.0329E-06 4.61 8.8707E-06 4.57
where As is the solution of the equation
0= (1= Az)(max (ns +ne) M = Az) = M?.
Using (4.57) the larger solution can be estimated as
! (ng +np) M? + 1+
2 Feg, 1T
1
2 2 _ 2 2 4.
\/(lgré&%(nf-&-np)/\/l +1) 41222%(nf+77p)/\/l +4M (4.76)

1
< 3 <max/ (ng +nrp) M*+1+ \/(gleaé (ng +np) M2 +1)2 —4M?2 +4M2)

FeFy
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Table V: Eigenvalues (divided by ©*) obtained on uniform meshes with p = 1
h h/2 h/4 h/8 h/16 Expected
3.1339 2.2578 2.0747 2.0192 2.0048 2.0000
3.1339 2.2578 2.0747 2.0192 2.0048 2.0000
3.1339 2.2578 2.0747 2.0192 2.0048 2.0000
5.2780 3.7951 3.1682 3.0431 3.0108 3.0000
5.7352 3.7951 3.1682 3.0431 3.0108 3.0000
5.7352 5.5034 5.4426 5.1182 5.0300 5.0000
8.5813 5.5034 5.4426 5.1182 5.0300 5.0000
8.5813 5.5034 5.4426 5.1182 5.0300 5.0000
8.5813 7.8215 5.4426 5.1182 5.0300 5.0000
9.7578 7.8215 5.4426 5.1182 5.0300 5.0000
9.7578 7.8215 5.4426 5.1182 5.0300 5.0000
9.7578 8.2393 6.6343 6.1695 6.0430 6.0000
11.7469 8.2393 6.6343 6.1695 6.0430 6.0000
11.7469 8.2393 6.6343 6.1695 6.0430 6.0000
11.7469 9.1638 6.6442 6.1707 6.0432 6.0000
13.3385 9.1638 6.6442 6.1707 6.0432 6.0000
17.2489 9.1638 6.6442 6.1707 6.0432 6.0000
17.2489 12.2453 9.0311 8.2990 8.0768 8.0000
17.2489 12.2453 9.0311 8.2990 8.0768 8.0000
17.4002 12.2453 9.0311 8.2990 8.0768 8.0000
2
= max (ng +np) M" +1,

hence

max |\ < max {k?, (ns +np) M?> +1}.

A€eig(A)

FeFy

Similarly, the last inequality in Lemma 6 is obtained through defining the matrix

k2

0 1

0 2M max hpap
FeFy,

0

0
2M

after which a simple calculation and using the inequality hpap > 1 yields

A€eig(A)

[A] = max
FeFn

{k2,hpap + gM} .
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Table VI: Eigenvalues (divided by 72) obtained on uniform meshes with p = 2

h h/2 h/4 h/8 Expected
2.1270 2.0197 2.0014 2.0001 2.0000
2.1270 2.0197 2.0014 2.0001 2.0000
2.1270 2.0197 2.0014 2.0001 2.0000
3.8664 3.0219 3.0047 3.0003 3.0000
3.8664 3.0219 3.0047 3.0003 3.0000
5.9288 5.1348 5.0196 5.0013 5.0000
5.9288 5.1348 5.0196 5.0013 5.0000
5.9288 5.1348 5.0196 5.0013 5.0000
6.8030 5.2479 5.0196 5.0013 5.0000
6.8030 5.2479 5.0196 5.0013 5.0000
6.8030 5.2479 5.0196 5.0013 5.0000
8.8557 6.3128 6.0335 6.0023 6.0000
9.2855 6.3128 6.0335 6.0023 6.0000
9.2855 6.3128 6.0335 6.0023 6.0000
9.2855 6.4152 6.0352 6.0024 6.0000

11.5504 6.4152 6.0352 6.0024 6.0000
11.5504 6.4152 6.0352 6.0024 6.0000
11.5504 8.5082 8.0789 8.0056 8.0000
14.8586 8.5082 8.0789 8.0056 8.0000

14.8586 8.5082 8.0789 8.0056 8.0000
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Figure 4.1: L*-error (left) and the number of MINRES iterations (right) as a function of
the penalty parameter ngp +mny in the DG formulation of Brezzi. A structured mesh of 320
tetrahedra and coercivity constant 3 = % are used.
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Figure 4.2: L*-error (left) and the number of MINRES iterations (right) as a function of
the penalty parameter np +ny in the DG formulation of Brezzi. An unstructured mesh of
432 tetrahedra and coercivity constant 3 = % are used.
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Table VII: Eigenvalues (divided by n°) obtained on uniform meshes with p = 3

h h/2 h/4 Expected
2.0482 2.0008 2.0000 2.0000
2.0482 2.0008 2.0000 2.0000
2.0482 2.0008 2.0000 2.0000
3.1833 3.0067 3.0001 3.0000
3.1833 3.0067 3.0001 3.0000
5.2151 5.0236 5.0005 5.0000
5.2151 5.0236 5.0005 5.0000
5.2151 5.0236 5.0005 5.0000
5.4621 5.0252 5.0005 5.0000
5.4621 5.0252 5.0005 5.0000
5.4621 5.0252 5.0005 5.0000
6.6602 6.0446 6.0010 6.0000
6.6602 6.0446 6.0010 6.0000
6.6602 6.0446 6.0010 6.0000
7.2220 6.0471 6.0011 6.0000
7.2220 6.0471 6.0011 6.0000
7.2220 6.0471 6.0011 6.0000
8.9659 8.1927 8.0032 8.0000
8.9659 8.1927 8.0032 8.0000

10.4743 8.1927 8.0032 8.0000
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Table VIII: Eigenvalues (divided by ©*) obtained on uniform meshes with p = 4

h h/2 h/4 Expected
2.0013 2.0000 2.0000 2.0000
2.0013 2.0000 2.0000 2.0000
2.0013 2.0000 2.0000 2.0000
3.0118 3.0000 3.0000 3.0000
3.0118 3.0000 3.0000 3.0000
5.1823 5.0013 5.0000 5.0000
5.1823 5.0013 5.0000 5.0000
5.1823 5.0013 5.0000 5.0000
5.1912 5.0014 5.0000 5.0000
5.1912 5.0014 5.0000 5.0000
5.1912 5.0014 5.0000 5.0000
6.3525 6.0031 6.0000 6.0000
6.3525 6.0031 6.0000 6.0000
6.3525 6.0031 6.0000 6.0000
6.4912 6.0037 6.0000 6.0000
6.4912 6.0037 6.0000 6.0000
6.4912 6.0037 6.0000 6.0000
8.2632 8.0050 8.0001 8.0000
8.8368 8.0050 8.0001 8.0000

8.8368 8.0050 8.0001 8.0000




CHAPTER B

DG VS NEDELEC IN THE FINITE ELEMENT
DISCRETISATIONS OF THE SECOND-ORDER
TIME-DOMAIN MAXWELL EQUATION

5.1 Introduction

High-order finite element methods (FEM) are an increasingly important technol-
ogy in large-scale electromagnetic simulations thanks to their ability to effectively
model complex geometrical structures and long-time wave propagation. It has long
been known that the standard H'-conforming FEM for electromagnetic waves may
result in non-physical, spurious solutions. Instead, one may naturally opt for the
H (curl)-conforming FEM pioneered by Nédélec [58, 59] and Bossavit [8, 9]. It has
the advantage of mimicking the geometrical properties of the Maxwell equations at
the discrete level. However, in time-domain computations it requires solving linear
systems with mass matrices even if an explicit time-integration method is used.
One attractive alternative — also free of spurious solutions under certain conditions

is the discontinuous Galerkin FEM (DG-FEM) [22, 42, 44|, where the resulting
mass matrix is block-diagonal and therefore the computational cost of its inversion
is negligible. But this additional flexibility comes at a cost. The number of degrees
of freedom in DG discretisations is higher than that in the H(curl)-conforming dis-
cretisation, although the difference decreases as the polynomial order in the spatial
discretisation grows. As an illustration, Figure 5.1 shows the sparsity patterns of
the mass matrices for both methods when a mesh of 320 tetrahedra and third-order
polynomials are used.

So there appears to be a trade-off between the two methods in time-domain
computations. In general, the H(curl)-conforming approach is more efficient with
low-order polynomials and DG-FEM with high-order ones. The expected break-
even point depends on a number of factors, such as the conditioning and sparsity
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Figure 5.1: Sparsity pattern of the mass matriz for H(curl)-conforming FEM (left) and
DG-FEM (right) for a mesh with 820 elements. Third-order polynomials are used, which
means that the size of the blocks in the right plot is 60x60. Note the difference in size
between the two matrices.

of the mass and stiffness matrices in the resulting semi-discrete systems. As a
novelty, the focus of this chapter is to provide a comparison of the computational
performance of the two methods when hierarchic H (curl)-conforming basis func-
tions [2, 74] are used on tetrahedral meshes. The motivation behind this choice is
that these basis functions play an ever more important role in the development of
p- and hp-adaptive methods [23] for the Maxwell equation.

Throughout the chapter, the different discretisation techniques are applied to
the three-dimensional Maxwell equations in the second-order time-dependent form,

oJ
Er6t2 E—#Vx(uerxE):—E,
with homogeneous boundary conditions n x E = 0. All quantities are dimension-
less' in (5.1), where E is the electric field and J is the electric current density.
The values o, €, and p, are assumed to be time-independent constant scalars, and
they respectively denote conductivity, relative dielectric permittivity and relative
magnetic permeability. If the domain is filled with nonconductive material, the
damping term a%]f is absent. If, in addition, the source term —g,J is also taken

to be zero, we have the conservative Maxwell wave equation.

2
O°E OE (5.1)

1We can derive the dimensionless form by using the scalings x = =x/L,t =1/(L/&), E =
E/(ZoHy), H = H/Ho, J =J/(Hy/L) and ¢ = JLZy/E, with tilde denoting the dimensional
quantities. Here L is the reference length, ¢o = (fioéo)~ 1/2 is the speed of light in vacuum,
H is the magnetic field (eliminated in (5.1)), Ho is the reference magnetic field strength and
Zo = (i®go /(6 + i&éo))1/2 is the intrinsic impedance, with @ being the angular frequency and i
the imaginary unit.
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Following the method of lines, we first discretise the spatial operators, using
the H (curl)-conforming FEM or the DG-FEM. In either case, we arrive at a semi-
discrete system in the form of second-order ordinary differential equations (ODEs)
in R™,

Mu" + Mou' + S,u = j, (5.2)

where wu is the unknown vector of N scalar coefficients associated with the ap-
proximation of the electric field E. The source term j is the projection of —0;J
onto the finite-element space and in general may also contain boundary data. For
simplicity, however, we restrict ourselves to the homogeneous Dirichlet boundary
condition, n x E = 0, in this chapter. Each term in the left-hand side of (5.2)
corresponds to the respective term in the left-hand side of (5.1). The mass matrix
M, is symmetric positive definite and the conductivity matrix M, is symmetric
positive semi-definite. In addition, for constant scalars o and &, the matrices M,
and M, are identical up to a constant. The stiffness matrix S, is the discretisation
of the wave term and is symmetric positive semi-definite.

Convergence results for the H(curl)-conforming semi-discrete approximation
(5.2) are relatively well-established [45, 56]. Results on the semi-discrete DG
discretisation are more recent: energy-norm estimates [33] and L*-estimates [34]
have been derived for the Maxwell equations; optimal error estimates for the fully-
discrete second-order scalar wave equation have been provided in [35]; and a promis-
ing energy-conserving local-time stepping scheme has been developed in [24].

A vital feature of (5.1) and (5.2) from the point of view of time integration
is that it includes the conductivity o. Even moderate values of ¢ may result in
a prohibitively small time step for many of the popular time-integration schemes.
Therefore, we pay special attention to time-integration methods that treat the
conductivity mass matrix M, in an implicit way. Many of such methods and
others discussed in this chapter have been previously studied in [11] for the system
of first-order Maxwell equations discretised by the lowest-order H (curl)-conforming
elements. See also [64] for more details on composition methods for the conduction-
free Maxwell equations.

The semi-discrete system (5.2) conserves (discrete) energy for the spatial dis-
cretisations discussed here, since these are both symmetric. Hence, using an
energy-conservative time-integration method results in a conservative fully-discrete
scheme. We investigate the dispersion and dissipation error of the schemes in two
steps. First, we determine the dispersion error of the semi-discrete scheme by
solving the time-harmonic eigenvalue problem corresponding to the semi-discrete
system. Second, we can then apply any given time-integration scheme to a simple,
but equivalent, model problem that includes the information of the semi-discrete
numerical frequency, and thus define the dispersion (and, if there is any, dissipation)
error of the time-integration method. This approach shows if the dispersion error
is dominated by the spatial or temporal discretisation a piece of information that
may prove useful in deciding whether or not to go for high-order time-integration
schemes.

The computational performance of the H (curl)-conforming method hinges to a



106 Chapter 5: DG vs Nédélec

great degree on efficiently solving the linear system with the mass matrix. A num-
ber of advanced techniques have been proposed recently, including mass lumping
[7, 27, 85], the explicit computation of an approximate sparse inverse mass matrix
[38], or the construction of special preconditioners. These approaches, however, do
not in their current states provide a general framework and therefore cannot be
extended to high-order discretisations in a straightforward manner. That is the
reason why in this chapter we resort to standard preconditioners. It is of course
also possible to use sparse direct solvers but in test problems we found that they
are too memory demanding for large-scale three-dimensional computations.

The remaining part of the chapter is organised as follows. The weak formula-
tions of the H(curl)-conforming FEM and the DG-FEM are given in Section 5.2.
The semi-discrete system arising from either of the spatial discretisations is anal-
ysed in Section 5.3, while we briefly describe a number of the most widely-used
time-integration methods in Section 5.4. Numerical examples that compare the
computational performance of the two finite element approaches are presented in
Section 5.5, where we test both low-order and high-order approximations. Sec-
tion 5.6 concludes the chapter with final remarks.

5.2 The weak formulation

Before we present the weak formulations that result from the H (curl)-conforming
and the DG discretisations, we introduce the tessellation 7; that partitions the
polyhedral domain € C R? into a set of tetrahedra {K}. Throughout the chapter
we assume that the mesh is shape-regular and that each tetrahedron is straight-
sided. The notations Fy,, ]—“}; and ]—'2 stand respectively for the set of all faces {F'},
the set of all internal faces, and the set of all boundary faces.

On the computational domain €2, we define the spaces

H(curl; Q) := {u € [LQ(Q)}3 :Vxue [LQ(Q)]B},

Hy(curl; Q) := {u € H(curl; Q) ‘ nxu=0on 89} ,

and the L? inner product (-, -)

(u,v) :/Qu-vdV.

The continuous weak formulation of (5.1) now reads as follows: Find E €
Hy(curl, ) such that Vw € Hy(curl, ) the relation

0? 0 0J
Ere) (e, E,w) + g (cE,w)+ (1 'V E,Vxw) =— (6757w> (5.3)

is satisfied. See e.g. [51, 56].
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5.2.1 Weak formulation of the H(curl)-conforming discreti-
sation

In order to discretise (5.3), we first introduce the finite element space associated
with the tessellation 7;. Let P,(K) be the space of polynomials of degree at most
p>1on K € 7. Over each element K the H(curl)-conforming polynomial space
is defined as

Q" = {ue PKN: urlpx € [PFS))s w- il €Polel)},  (5.4)

where FX i =1,2,3,4 are the faces of the element; eJK., j=1,2,3,4,5,6 are the
edges of the element; ur is the tangential component of u; and 7; is the directed
tangential vector on edge eJK. For the construction of QP, we use a set of H(curl)-
conforming hierarchic basis functions [2, 74].

Next, we introduce the discrete space of globally H (curl)-conforming functions

TP = {v e [Ho(curl, ) ‘ vk € QP VK € Th}

and let the set of basis functions {t,;} span the space Y. See [56] for a detailed
discussion on both continuous and discrete H (curl)-conforming spaces. We can
then approximate the electric field E as

BB, = Y ui(thi() (5.5)

from which the discrete weak formulation reads as follows: Find E; € TZ such
that V¢ € Y7 the relation

2

J
s B ) + 5 (0B 0) + (1Y x BT x 9) =~ (51.0) (50

ot

is satisfied. Note that (5.6) is satisfied if and only if it is satisfied for every basis
function %;,7 = 1,..., N, with N being the global number of degrees of freedom.
As a result, substitution of (5.5) into (5.6) yields the semi-discrete system (5.2)

with
[ME]ij = (Er’lnbiawj) ) [SI»L]” = (:u’;lv X Illbzav X ’l/;]) )

[Mo);; = (o%i;) . Ll =— (85.':1/%) :

Each of the above matrices — M., M, and S, — has a large number entries far
off the diagonal, increasing the computational cost for both explicit and implicit
time-integration methods.

5.2.2 Weak formulation of DG-FEM

In contrast to the H(curl)-conforming discretisation, in DG-FEM we are looking
for the discrete solution in the space

NP = {0' e [12(@)]° ’ olx € QP, VK € Th}



108 Chapter 5: DG vs Nédélec

That is, we allow the polynomial functions to be fully discontinuous across element
interfaces and assume that the set of basis functions {1),} now span the space
¥7. Instead of enforcing continuity of the tangential components, the information
between elements is now coupled through the numerical flux [22, 4, 44]. Before
we can define the numerical flux and formulate the discretisation for DG-FEM, we
first need to introduce more notation.

Consider an interface F' € Fj, between element K” and element K. and let
n’ and n® represent their respective outward pointing normal vectors. We define
the tangential jump and the average of the quantity w across interface F' as

[ul; = n® x u” + nff x uf and {u} = (v’ +u¥) /2,

respectively. Here u” and uw® are the values of the trace of w at 9K and OKFE,
respectively. At the boundary I', we set {u} = w and [u], = n x u. We

furthermore introduce the global lifting operator R(w) : [L? (fh)]g — X as

(R(u),v), = /}_ u-fov}dA, Vvexh, (5.7)

and, for a given face F' € Fj, the local lifting operator Rp(u) : [L? (F)]3 — P as

(Rr(u),v), = /Fu fv}dA, Yo e (5.8)

Note that R (u) vanishes outside the elements connected to the face F' so that for
a given element K € 7, we have the relation

R(uw)= Y Rr(u), Yue [L2(F)]". (5.9)
FeFy

The discrete weak formulation for DG-FEM now reads as follows [68]: Find
E;, € X} such that V¢ € X} the relation

2

0 0
7% (e:En, @) + e (0En, @) + (17 'V x Ep, Vi X @)

- /}' [Erly - {Vi x ¢} dA— [ {Vix Ep} - [6]dA

Fh

+ ¥ COr Re(BL) Re(Wl ) = - (G5) (510

FeFy

is satisfied, where the operator Vj, denotes the elementwise application of V. For
stability, the constant C'r has to satisfy the condition [68]

1 1
CFancl+min{27cyz}a
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where C7 and (s are positive constants and n; denotes the number of sides of
each element, that is for tetrahedra ny = 4. As a consequence, the constant Cp is
independent of both the polynomial order and the mesh size.

Again, (5.10) is satisfied if and only if it is satisfied for every basis function
;i =1,..., N, with N being the global number of degrees of freedom. Substi-
tution of E =~ Ej, = ), u;(t)y;(x) into (5.10) yields the semi-discrete system (5.2)
with

[Ma]ij = (5r"pia’¢j) ’ [Mo]ij = (U¢ia¢j) ’ [J]Z = (aaga"bz) s
[Su)i; = (e 'V X 5, Vi x 9p;) = /f [l { Vi x 9, dA

— [ AVexwd-[w]p a4+ Y Cr (Re(wle) Re([,],)., -

Q
Fn FEFy,

The matrices M. and M, are now block-diagonal with the elementwise matrices
being the blocks. However, the stiffness matrix S, has still many entries far off
the diagonal because of the face integrals in its construction. That is why, DG in
general warrants the use of explicit time-integration schemes but not implicit ones.

We emphasise that (5.10) is only one of many possible formulations of DG-FEM,
depending on the numerical flux one chooses to use. The one we have introduced
here is based on the numerical flux from [12] (see also [6]), and was analysed in
detail for the time-harmonic Maxwell equations in [68]. See also [4] for an overview
of DG-FEM methods for elliptic problems and for a large number of possible choices
for the numerical flux.

5.2.3 The energy norm

Convergence results for FEMs are generally derived not only in the L2-norm but
also in a norm associated with the discrete energy of the approximation [33, 35].
These are defined for the H(curl)-conforming and DG discretisations as

V1% (curty = V[P + IV x |2
and
1
I¥li3a = V112 + 198 x vI2 + 5% [¥1 I,

respectively. In the above definition, ||-||#, denotes the L?(F) norm and h(x) = hp
is the diameter of face F' containing . We note that the two definitions of the
energy norm are actually identical as V}, becomes V and [-], vanishes if H(curl)-
conforming discretisation is used.
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5.3 Stability of the semi-discrete system

To carry out a basic stability analysis, we first transform (5.2) into a first-order
system of ODEs,

u =, (5.11)
M+ Myv + Syu = j.

Recall that S,, is symmetric and therefore — using the inner-product notation for
discrete vectors — we have the property

doT dv  duT
vTMgv—i—uTSHu) = — M.v+vI'M, a—l— & S’Mu—i—uTSﬂa

T (—Myv — S,u+37) + 20" S u = 20" 5 — 20" M. (5.12)

d
7 (
If j = 0, this entails stability, that is
v Mov+ 4TS W) = —20TM,v <0,

a

since, for constant o, the matrix M, is positive definite if ¢ > 0 and M, = 0 if
o = 0. Therefore, if o = 0 in addition to j = 0, (5.12) shows conservation.

In order to use a stability test model introduced later in this section, we trans-
form (5.11) to an equivalent explicit form. To do so, we multiply the first equation
in (5.11) with M. and introduce the Cholesky factorisation LLT = M.. The new
variables ¥ = LTv and @ = LTu then satisfy the system

(#)- (5 ) (G)+ () 19

j=L7', S,=L7'S,L™" M,=L"'M,L".

where

Since both the conductivity coefficient o and the permittivity coefficient e, are
constant scalars in (5.1), the matrix M, in (5.13) is the constant diagonal matrix

~ o
Ma' = ’717 =
From this we can derive a two-by-two system through which stability of time-
integration methods for (5.11) can be examined.
The matrix S, is symmetric positive semi-definite so it can be decomposed as
S, = UAUT, where A is a diagonal matrix with the eigenvalues of S, on its diagonal

M>2X> .22 0= N1 =...= A, =0,

where 7 is the rank of the matrix. The matrix U is orthogonal and its columns are
the eigenvectors of S,,. Using a permutation matrix P, we have
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a0 LN _ 0 vuTy
“\-8, -m,) " \—vAUuT A1)~

(6D L) 80 e (7 8). o

where Ap is a block-diagonal matrix with two-by-two blocks

0 1
k=1,...,N. 5.15
(5 2 - (.15

This allows us to state the following proposition.

Proposition 1. Assume that o and ¢, are scalar and v = o/e,. Then the matriz
A has

(i) n —r zero eigenvalues,
(ii) n —r eigenvalues which equal —v,

(iii) 2r eigenvalues which are

A i Y b1
2 ’ N

RN

Thus, the orthogonal transformation V' = (Y 9) P decouples (5.13) into r two-

by-two systems
o’ 0 1 U 0
(#)-(5 5) 6+ 0)

with A=A >0, k=1,...,r, and n — r two-by-two systems

@’ 0 1 U + 0

i 0 —y/) \D 3]
For the stability analysis, we may neglect the source term and thus arrive at the
two-by-two stability test model

({)=(4 )6 w0z o

The attractive feature of this formulation is that stability for the test model (5.16)
induces stability for (5.11) in the norm generated by the inner product in (5.12).

Useful though equation (5.16) is, it is important to emphasise that the derivation
of (5.16) requires constant scalars in the coefficients €, and o, thus limiting the
generality of this approach.
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5.4 Time-integration methods

Probably the most popular time-integration methods to use in combination with
high-order DG methods are high-order Runge-Kutta methods, giving rise to what
are collectively called the Runge-Kutta DG (RKDG) methods [22]. For continuous
and H (curl)-conforming FEMs geometric integrators are also widely used thanks to
their ability to conserve symplecticity? at the discrete level [64]. In this section, we
briefly recall the construction of these two families of methods and we also discuss
local and global Richardson extrapolation.

The highest-order polynomial we use within the finite element methods is p = 3.
For both the DG and the H (curl)-conforming methods, this corresponds to fourth-
order convergence for the semi-discrete system (5.2) provided that the solution is
smooth [33, 34, 45, 56]. Therefore, we now only discuss time-integration methods
that are also at most fourth-order accurate. Extension to higher order, however, is
usually straightforward.

For investigating the properties of any given time-integration method, let 7
denote the time-step size and introduce zy = 74/ and 2y = 77.* The stability of
the time-integration method can then, in general, be best inspected through the
(numerically determined) stability region

S ={(2x,2y) : 2x,2y >0 with |u| <1, p eigenvalues of the amplification operator}

associated with the test model (5.16).

5.4.1 Runge-Kutta methods

Out of the many different types of Runge-Kutta methods, strong-stability-
preserving Runge-Kutta methods (SSPRK) [22] are particularly well suited for
the time integration of semi-discrete hyperbolic problems.

With the definition of the initial values Uy = u,, and Vjj = v,, for the time step
from t,, to t,y1, the general s-stage SSPRK scheme for (5.11) reads

k1
Up =Y (Ui + 7BuVi),
0

=
k—1

M.Vie =" (amVi + 78 (—SuUi — Mo Vi + j(1))) (5.17)
=0

Un41 = US;

Un+1 = VSa

2The preservation of symplecticity is important because it is related to energy. More precisely,
for symplectic integrators the error in total energy will remain within a certain margin throughout
the entire time integration.

3These values appear in a natural way in the amplification matrices of most time-integration
methods described later in this section
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where k = 1,...,s while ay; and (§y; are the coefficients in the SSPRK method.

Applying (5.17) to the test equation (5.16), the amplification operator Mg, of an
s-stage SSPRK method is

k-1
_ . 10 0 1
M, = ZBkZMéspl with B = ag (0 1) + B <z/2\ —z7> , (5.18)
=1

where, again, k =1,...,s and Mgsp is the identity. We show the stability regions

of several SSPRK schemes in Figure 5.2, where we refer to an s-stage pth-order
SSPRK method as SSPRK(s,p). It is important to emphasise that any (standard
as well as ‘nonstandard’ such as SSP) explicit s-stage pth-order RK methods with
s = p has the same amplification matrix. In those cases the choice of coefficients
only determines the SSP property and not the shape of the stability region. For
the cases when s = p+ 1, we display the stability regions of the methods that were
derived and analysed in [75, 66, 29]. The plots suggest that increasing the number
of stages, while keeping the polynomial order fixed, results in a more favourable
time-step restriction for the conduction part one that more than offsets the cost
of introducing an additional stage at each time step. This is in line with known
results for the linear advection equation [75, 66]. Nevertheless, explicit SSPRK
methods treat the conduction term, as well as the wave term, explicitly, which
entails a time-step condition that is too restrictive even for moderately conductive
materials (see next section). Note that the second-order methods are only stable
for z, > 0, i.e. for o > 0.

5.4.2 Composition methods

Composition methods [37, 54, 67] are especially suitable for geometric integration
[64] and thus for the time integration of first-order Hamiltonian systems. Our
description of the composition methods here strictly follows that in [11] and we
refer to that work for more details.

The second-order composition method for (5.11) is defined as

Up41/2 = Un lv
T 2"

Upt1 — Up 1 1 . )
M AL =S Unq1/2 — iMJ(’Un + Uny1) + 5 ((tn) + i (tns1)), (5.19)

Unt1 — Uny1/2 1

= —Un+1
T 9 b

which is akin to the ubiquitous leapfrog scheme, with the only difference being in
the treatment of the source term (cf. [65]). If applied to the test model (5.16), it
has the amplification matrix

1-1224+ 12 1— 1,2
— 27X T 2~y 47X .
MCOQ < —Z§ 1_ %Z?\— %Z,y B (5 20)
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Figure 5.2: Stability regions (shaded areas) for several explicit SSPRK(s,p) methods,
where s is the number of stages and p is the order of the method. Note that all explicit
RK methods with s = p have the same stability regions as SSPRK(s,p) with s = p (left
column,).
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which entails the stability properties: z) < 2 if 2z, = 0 and 2z, < 2 if z, >
0. An attractive feature of this method over explicit RK methods is that it is
unconditionally stable with respect to the conduction term.

In principle, it is possible to construct an arbitrary high-order composition
method [37]. In this chapter, however, we are only interested in at most fourth-
order accurate methods so we will now only discuss the fourth-order composition
method. We define the initial values for the inner time step as Uy = u, and
Vo = vn, time levels t*, t for u, v and coeflicients

— — _ __ 14—v19 _ _ —23—-20V19
ﬁO = 0y = 07 61 = 05 = 108 /gQ =0y = 270 )

— _ 1 _ _ —2+1019 _ __ 14645v19
63_0[3_5; 64_042_ 135 ) ﬁS_al_ 540 .

The fourth-order composition method [37, 54, 11] for (5.11) now reads

Uy — Ug—
% = (B + a—1) Vi—1,
Vie— Vi1 v v
M A=A — B (8,0 = Mo Vi + 3 (t-1)) + ok (=S,U = My Vi + 3 (87))
Un+1 - ‘/87
Uny1 = Us + a7Vs,
(5.21)
where k =1,...,s, s =5 is the number of internal time levels, and t}, = t,, + (& +

,ék)T and t} = t, + (Gp—1 + Bk)T with the coefficients &, = a1 + --- + aj and

B = P14+ B
The amplification operator of (5.21) when applied to (5.16) is then

ﬁ e ( L o (1+arz,) (@ + Br) ) . (5.22)
op L omzy \— (o + Br) 23 1= Brzy — (Br + an—1) (Bk + o) 23

An important property of any fourth-order composition method is that it inevitably
contains a negative coefficient, which in our case is ay = (32. This entails a stability
restriction that is conditional even for an implicitly treated conduction term. This
is illustrated in Figure 5.3, where parts of the upper right half of the stability
region for (5.21) is shown. Stability is guaranteed as long as z, < 2.4 and z) < 3,

or equivalently, if 7 < 2.4/ and 7 < 3/V/\.

5.4.3 Fourth-order global Richardson extrapolation

As already mentioned in the previous section, when o > 0 the stability condition
may be very restrictive even for moderately conductive materials. In these cases,
high-order composition methods and SSPRK methods are not competitive. In-
stead, one would prefer to use explicit methods which treat the conduction term
in an unconditionally stable manner. Since the second-order composition method
is such a method, extending it to higher order through Richardson extrapolation
is an obvious alternative. We refer to [11] for a detailed discussion on the stability
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Figure 5.3: Stability region (shaded area) of the fourth-order composition method. The
right plot zooms in on the region where stability is guaranteed. (Cf. Figure 5.1 in [11].)

properties of the fourth-order local and global versions of the Richardson extrapo-
lation. Here we first recall the construction of the fourth-order global Richardson
extrapolation (GEX4)

1

4
gex4 __ T, co2 _ — .co2
up = guy Ur (5.23)

where u$? and uS°? denote the results at final time computed by the second-order

composit2i0n method with time steps § and 7, respectively. Since extrapolation
only takes place once at the final time of the integration, this method has the same
stability properties as the second-order composition method. Note that it only
needs three times as much computational work per time step.

For long time integration and in the absence of damping, global extrapolation
may not be sufficiently effective in annihilating leading error terms. In these cases,
the local version of Richardson extrapolation when the extrapolation is performed
at each time step — is usually more beneficial. The local version of (5.23) is, however,
not unconditionally stable with respect to z,. Instead, we can use the fourth-order
local extrapolation (LEX4) defined as

lexd _ guc02 luff_(’?, (5.24)

Uz ] T/3 S
where the work per time step is approximately four times as much as that of CO2.
The amplification operator of LEX4 for the test model (5.16) reads

9 1
M (/3. 24/3) = SMea(2n, ) (5.25)
where Mo2(2x, 2y) denotes the amplification operator (5.20) of CO2. Figure 5.4
shows the associated stability region S, which indicates an approximate stability
interval 0 < z) < 2.85 and unconditional stability for z.,.
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Figure 5.4: Stability region (shaded area) of the fourth-order local Richardson extrapo-
lation (5.24). The right plot zooms in on the region where stability for wave term zy is
guaranteed. Stability for the conduction term z is unconditional.

5.5 Numerical experiments

In this section, we perform numerical tests to establish the convergence rates of the
fully discrete systems that result from the spatial and time discretisations described
in the previous two sections. We also carry out a numerical dispersion analysis of
the semi- and fully discrete system with DG spatial discretisation. This is done
in the following way: i) solve the time-harmonic eigenvalue problem, which corre-
sponds to the semi-discrete system with Fourier mode initial conditions; i) apply a
chosen time-integration method to the test model (5.16) with the computed semi-
discrete numerical frequency. This approach has two main advantages over simply
solving the eigenvalue problem that results from applying the amplification matrix
directly to (5.11). First, it is more efficient because we solve an eigenvalue problem
that is smaller and always symmetric. Second, it makes it possible to study the
dispersion (and dissipation) properties of the time-integration scheme separately
from those of the semi-discrete scheme.

5.5.1 Convergence and comparison of performance

We use a simple test example to illustrate the numerical performance of the two
spatial discretisation techniques described in Section 5.2. For both methods, the
predicted convergence rate of the semi-discrete system is O(hP*1) in the L%(Q)
norm and O(h?) in the energy norm for smooth solutions; see for example |56, 46,
68, 33, 34]. It is thus natural to choose the time-integration method such that it
guarantees at least the same order of convergence. Therefore, if the polynomial
order in the FEM is at most one we use the second-order composition method;
if the polynomial order is two or three we apply one of the possible fourth-order
methods described in Section 5.4.
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The numerical tests are implemented in hpGEM* [62], a general finite element
package suitable for solving a variety of physical problems in fluid dynamics and
electromagnetism. To integrate the semi-discrete system in time we use PETSc
[5], which is particularly efficient in computing matrix-vector multiplications and
solving linear systems for large sparse matrices. As a stopping criterion in the linear
solver for the H (curl)-conforming method, we set the tolerance at tol = 1078,

In the example, we consider (5.1) in the cubic domain © = (0,1)°. We define
the time-independent field

B sin(my) sin(mz)
E(z,y,2) = | sin(wrz) sin(mx)
sin(mx) sin(7y)

and choose the source term to be

0J

—oy = (") + o/ (1) + 25°0(1)) B,y 2).

Thus the exact solution reads

3
E(tz.y.2) = n()B(w,y,2), n(t) = coswt, (5.26)
k=1

with w; =1, wy = 1/2, w3 = 1/3, &, = 1. We either set 0 = 0 or o = 607, and we
integrate until final time T,,q = 127 (exactly one time period).

When the globally H(curl)-conforming discretisation [56, 45] is used, we need
to solve a linear system at each time step. Since the matrix M, is positive definite,
a natural choice of linear solver is the preconditioned conjugate gradient (PCG)
method. For simplicity, we apply the incomplete Cholesky preconditioner for all
meshes and polynomial orders. We emphasise that preconditioning is not an issue
for the DG method since we can simply invert the block-diagonal mass matrix at
negligible cost.

As a first example, we run (5.26) with ¢ = 0 and final time Tenq = 127, on a
sequence of structured meshes with N, = 5,40, 320, 2560, 20480, 163840 elements.
In each mesh the largest face diameter h is exactly half that of the previous mesh.
We plot the convergence rates in Figure 5.5 in both the L?(Q)-norm and the energy
norm for polynomial orders p = 1,2,3. Note that the convergence is shown as a
function of degrees of freedom, which is equivalent to showing the convergence as
function of 1/h in the DG case. However, in the H(curl)-conforming case there is
some difference between the two, as the number of degrees of freedom generally
increase slightly more than eightfold when h is halved. Nevertheless, we can see that
the expected convergence rates are achieved asymptotically for both the DG and
the H (curl)-conforming methods. We can also observe that it takes fewer degrees
of freedom for the H(curl)-conforming discretisation to reach a given accuracy.

4The software is available at http://wuwhome .math.utwente.nl/ hpgemdev free of charge
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Furthermore, we can confirm the well-established observation that the use of high-
order approximations pays off (at least for smooth solutions) in terms of accuracy
per degrees of freedom.

To gain further insight into the computational costs of the time integration,
we show the performance of the DG method in Tables I and III; and that of the
H (curl)-conforming method in Tables IT and IV. In this particular example, we use
a structured mesh with 320 elements and an unstructured one with 432 elements.®
Although the accuracy of the two methods is comparable, the computational costs
are not and the pattern changes dramatically as the order increases. The total
number of matrix-vector multiplications (matvecs) needed to integrate until Ti,q
is always higher for the H(curl)-conforming case than for the DG method. This
is not surprising given that at each time step a linear system has to be solved.
However, this seemingly unfavourable property does not manifests itself in longer
computational time for p = 1 and p = 2 on structured meshes, thanks in part to
the smaller size of the system and in part to a weaker time-step restriction in the
H (curl)-conforming FEM. The situation is different for p = 3. Here, the increased
number of matvecs translates readily into more CPU time on both structured and
unstructured meshes. This is partly because of a trade-off between the conditioning
of the mass matrix and the use of the hierarchic basis. Mass matrices based on
hierarchic bases tend to be relatively badly conditioned. This does not influence
the performance of the DG method. But it renders the H(curl)-conforming method
less effective because the number of iterations in solving the linear system at each
time step grows significantly with the polynomial order. This effect is even more
pronounced on unstructured meshes, where DG performs slightly better for p = 2
already and where the H (curl)-conforming computation for p = 3 is excessively
long  which is one reason why we only completed one of them.

The choice of the time-integration method does not influence the computational
results much in this example. Nevertheless, LEX4 appears to be the most efficient
thanks to the balance between the allowable time-step size and the computational
work needed per time step. We also note that for this particular mesh the use of
fourth-order time-integration methods may not be necessary even for p = 2,3. This
is solely because the spatial error is not yet in the asymptotic regime and therefore
dominates. We take a closer look at this shortly in terms of numerical dispersion
and dissipation.

On structured meshes, we repeat example (5.26) with conductivity o = 60,
which corresponds to the dimensional value & = 0.5Sm™!, typical of the human
abdomen. The convergence results are shown in Figure 5.6, from which it appears
that they are similar to the nonconductive case except that optimal rates of con-
vergence are reached sooner. On unstructured meshes, the example is repeated
with conductivity ¢ = 4507, a value more typical of seawater. See Table V for the
conductivity of a small selection of materials®.

5 A mesh of 320 or 432 tetrahedra is sufficient to compare the different methods from the point
of view of accuracy and computational work. A finer mesh would naturally give a more accurate
solution but the relative performance of the methods would remain the same.

6Source: en.wikipedia.org/wiki/Electrical_conductivity
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Table I: Computational costs of the DG method for example (5.26) with o = 0. A
structured mesh of 320 elements is used with spatial polynomial orders p = 1,2, 3.

method  # DoF  L?(Q) error  # matvecs 7 CPU time
p=1 CcO2 3840 1.2174e-01 4526 0.0167 8s
p=2 CO2 9600 1.1696e-02 7542 0.0100 114s
p=2 GEX4 9600 1.2303e-02 22624  0.0100 342s
p=3 CoO4 19200 7.0432e-04 35192 0.0107 2013s
p=3 GEX4 19200 9.0148e-04 31672 0.0071 1863s
p=3 LEX4 19200 6.1762e-04 28154  0.0107 1623s

Table II: Computational costs of the H (curl)-conforming method for example (5.26) with
o = 0. A structured mesh of 320 elements is used with spatial polynomial ordersp = 1,2, 3.

method  # DoF  L?(Q) error  # matvecs 7 CPU time
p=1 CO2 504 2.7283e-01 7783  0.0417 2s
p=2 CO2 2388 1.3642e-02 59201  0.0250 87s
p=2 GEX4 2388 1.2942e-02 180067  0.0250 264s
p=3 CO4 6640 7.4117e-04 817880  0.0268 19683s
p=3 GEX4 6640 7.7523e-04 736276  0.0179 17492s
p=3 LEX4 6640 8.5234e-04 653611  0.0268 15510s

Table III: Computational costs of the DG method for example (5.26) with o = 0. An
unstructured mesh of 432 elements is used with spatial polynomial orders p =1,2,3.

method  # DoF  L?(Q) error  # matvecs 7 CPU time
p=1 CO2 5184 1.9583e-01 11878  0.00635 41s
p=2 CO2 12960 1.3396e-02 19796  0.00381 429s
p=2 GEX4 12960 1.4316e-02 59384  0.00381 1263s
p=3 CO4 25920 1.4311e-03 92372 0.00408 7585s
p=3 GEX4 25920 1.5558e-03 83134  0.00272 6749s
p=3 LEX4 25920 1.4038e-03 73898  0.00408 5909s

The computational work, depicted in Tables VI IX, also shows a similar pattern
to the conduction-free case, except when the fourth-order composition method is
used. In that case, the conduction term poses a stricter time-step size than the
wave term and increases the number of time steps and thus the computational
cost. On the structured mesh with 320 elements and o = 607, this only affects the
H (curl)-conforming discretisation because the stiffness matrix in the DG method
has a significantly larger spectral radius (and therefore it still determines the sta-
bility condition). On the unstructured mesh with 432 elements and o = 4507,
however, it already affects the DG discretisation too. This indicates that large val-
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Figure 5.5: Convergence plots in the L*-norm (left column) and in the energy morm
(right column) for test example (5.26) with ¢ = 0. In each plot the convergence rates
of the DG method and the H (curl)-conforming method are shown along with the ezpected
order of convergence.
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Table IV: Computational costs of the H(curl)-conforming method for example (5.26)
with o = 0. An unstructured mesh of 432 elements is used with spatial polynomial orders
p=123.

method  # DoF  L2(Q) error  # matvecs 7  CPU time
p=1 CO2 744 1.9113e-01 33691  0.02380 18s
p=2 CO2 3420 1.7294e-02 169129  0.01429 963s
p=2 GEX4 3420 1.8860e-02 406784  0.01429 2778s
p=3 CO4 9360 — >1e+07  0.01530 >5e+05s
p=3 GEX4 9360 1.9676e-03 21337490  0.01020 782647s
p=3 LEX4 9360 — >1e+07  0.01530 >5e+05s

Table V: FElectrical conductivity of some materials measured in Siemens per metre
(Sm™').  For the dimensionless value a multiplication by 1207 is needed. Source:
en.wikipedia.org/wiki/Electrical_conductivity.

Material Conductivity (Sm~!) Note

Silver 63.0e+-06 Best electrical conductor

Copper 59.6e-+06

Gold 45.2e+06 Commonly used in electrical contacts
Aluminium 37.8e+-06

Seawater 4.8 For average salinity of 35 g/kg
Human Body 0.006-1.5 Varies from bone to spinal fluids
Drinking water  0.0005-0.05

Deionised water 5.5e-06 Lowest value, with monoatomic gases
Air 5e-15 Varies slightly depending on humidity

ues of o prohibit the use of fourth-order (or, indeed, any high-order) composition
methods, as well as explicit RK methods, such as SSPRK. Instead, Richardson
extrapolation based on the second-order composition method may be used since
they are unconditionally stable with respect to the conductivity term. Similarly
to the conduction-free case we killed the H/(curl)-conforming computations after
almost six days — already significantly more than what the DG computations take.

5.5.2 Numerical dispersion analysis

To investigate the dispersion and dissipation properties of the fully discrete
schemes, we consider the semi-discrete system (5.11) with o =0 and j = 0,

u’ u . 0 I
<U,> =A <U) with A= <_M5_15u 0> ) (5.27)

and assume a plane wave exact solution

E(x,t) = E exp(—iwt) exp(ik - x) (5.28)
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Table VI: Computational costs of the DG method for example (5.26) with o = 60w. A
mesh of 320 elements is used with spatial polynomial orders p = 1,2, 3.

method  # DoF  L?(Q) error  # matvecs 7 CPU time
p=1 CO2 3840 6.6817e-02 4526 0.0167 8s
p=2 CO2 9600 8.4244e-03 7542 0.0100 113s
p=2 GEX4 9600 8.4243e-03 22624  0.0100 341s
p=3 CO4 19200 5.5619e-04 35192 0.0107 2012s
p=3 GEX4 19200 5.5612e-04 31672 0.0071 1864s
p=3 LEX4 19200 5.5612e-04 28154  0.0107 1623s

Table VII: Computational costs of the H(curl)-conforming method for example (5.26)
with 0 = 607. A mesh of 320 elements is used with spatial polynomial orders p = 1,2, 3.

method  # DoF  L?(Q) error  # matvecs 7 CPU time
p=1 CO2 504 1.1789e-01 6253  0.0417 1s
p=2 CO2 2388 1.2315e-02 56301  0.0250 82s
p=2 GEX4 2388 1.2314e-02 166303  0.0250 247s
p=3 CO4 6640 7.3357e-04 1717157  0.0127 40862s
p=3 GEX4 6640 7.3358e-04 734732  0.0179 17472s
p=3 LEX4 6640 7.3358e-04 653024  0.0268 15498s

Table VIII: Computational costs of the DG method for ezample (5.26) with o = 4507
An unstructured mesh of 432 elements is used with spatial polynomial orders p =1,2,3.

method  # DoF  L%(Q) error  # matvecs 7 CPU time
p=1 CO2 5184 4.6168e-02 11878  0.00635 41s
p=2 CO2 12960 8.1650e-03 19796  0.00381 422s
p=2 GEX4 12960 8.1650e-03 59384  0.00381 1240s
p=3 CO4 25920 8.5690e-04 222072 0.00170 17606s
p=3 GEX4 25920 8.5671e-04 83134  0.00272 6618s
p=3 LEX4 25920 8.5690e-04 73898  0.00136 5906s

with periodic boundary conditions and E = 1. In (5.28), i = —1, w denotes the
angular frequency, k = (kz, ky, kz)T is the wave number. Between these quantities
the (exact) dispersion relation w? = k*/c? holds with k? = k2 + k2 + kZ and with
c=1/ (erur)l/Q, which is the speed of light.

As a first step, we project the exact initial conditions E(x,0) and 9;E(x,0) onto
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Figure 5.6: Convergence plots in the L*-norm (left column) and in the energy norm
(right column) for test example (5.26) with o = 60w. In each plot the convergence rates
of the DG method and the H (curl)-conforming method are shown along with the ezpected

order of convergence.
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Table IX: Computational costs of the H(curl)-conforming method for example (5.26)
with o = 450m. An unstructured mesh of 432 elements is used with spatial polynomial
orders p=1,2,3.

method ~ # DoF  L2(Q) error  # matvecs 7  CPU time
p=1 CO2 744 1.2498e-01 32049  0.02380 17s
p=2 CO2 3420 1.3102e-02 163451  0.01429 938s
p=2 GEX4 3420 1.3102e-02 490287  0.01429 2677s
p=3 CO4 9360 — >1e+07  0.01530 >5e-+05s
p=3 GEX4 9360 — >1e+07  0.01020 >5e-+05s
p=3 LEX4 9360 — >1e+07  0.01530 >5e-+05s

the finite-element space

E}(0) = (B(x,0),9;),, Jj=1...N,

d%E{L(O) = (0E(x,0),%;),, Jj=1...N.

(5.29)

We can now obtain the initial conditions for (5.27) through the relations vy =
w(0) = MZ'Ey(0) and vy = v(0) = v/(0) = M1 2 E;,(0). The time-exact discrete
Fourier mode at time level nr is then defined as

(“") =" <“°> with 1" = e~wnnT, (5.30)
Un Vo

where v" is the exact amplification factor and wy is the semi-discrete numerical
frequency.
To first see the impact of the space discretisation only, we consider the semi-
discrete equation
Mou" + S,u=0 (5.31)

with periodic boundary conditions and a plane wave initial condition (5.28). In
this case, (5.31) is equivalent to the discrete time-harmonic Maxwell eigenvalue
problem

Syu—wiMou =0 (5.32)

with periodic boundary conditions. All semi-discrete eigenvalues w}zl of (5.32) are
real and non-negative, which entails that the space discretisation imposes no dissi-
pation. In Table X, we show the numerical frequencies of the spatial DG discreti-
sation for the Fourier mode with k, = 2w, k, = =27, k, = 0, i.e. with exact angular
frequency wex = V8. The number of elements for each mesh is Ny = 5(%)3 and
in each element the local number of degrees of freedom is % (p + 1)(p + 2)(p + 3).
To solve the eigenvalue discrete problem (5.32) of this size the Matlab implemen-
tation” of the Jacobi-Davidson iterative method [72, 73] is used. We note that for

"The software is available at http://www.math.uu.nl/people/sleijpen free of charge
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Table X: Semi-discrete frequencies wp, of the DG method that approzimate the exact
frequency wex = /37

= =1 =1 h= L e
p=1 — 9.4286 9.0469 8.9271 8.8858
p=2 9.4738 8.9276 8.8887 — 8.8858
p=3 8.9146 8.8875 8.8858 — 8.8858

Table XI: Frequency error wp, — wex of the DG semi-discrete system with exact frequency

Wex = \/gﬂ-

_ 1 _ 1 _ 1 _ 1
p=1 — 5.4283e-01 1.6117e-01 4.1380e-02
p=2 5.8800e-01 4.1831e-02 2.9628e-03 —
p=3 2.8869e-02 1.7173e-03 3.0850e-05

other Fourier modes the same approximation properties apply as long as wph is in
the same region as shown in the tables. The frequency errors for the same meshes
and polynomial orders are depicted in Table XI. Note that the frequency errors
are signed, indicating phase advance.

To include the time integration in the dispersion analysis it suffices to apply
a chosen time-integration method to the test model (5.16) with v = 0. We are
allowed to do that because the eigenvalues of gu are the same as the eigenvalues
of M7'S,, that is A = w?. Let M denote the amplification operator of any of
the time-integration methods described in Section 5.4. So instead of (5.30) we now
have the fully discrete Fourier mode at time level nrt,

ypt! (33) = M} (Z;’) , (5.33)

which reduces to the eigenvalue problem

h (gg) =M (zg) . (5.34)

Solving this eigenvalue problem will produce two eigenpairs, representing two waves
with the same wave number but travelling in opposite directions. Without loss of
generality, we can discard the one with negative real part and establish the disper-
sive and dissipative properties of the fully discrete scheme through the relation

T
—lw, T

Vp =€ s

where wj represents the fully discrete numerical frequency. The real part of wj
defines the actual angular frequency in the discrete dispersion relation, while a
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Table XII: Frequency error imposed only by the time integration, Re(wy) — wn, of the
SSPRK (4, 3) method for semi-discrete numerical frequencies wy, taken from Table X.

= =1 =1 h= L
p=1 — 7.1799e-05 3.6525e-06 2.1360e-07
p=2 1.5242e-04 7.0867e-06 4.3347e-07 —
p=3 2.9293e-05 1.8039e-06 1.1265e-07 —

Table XIII: Frequency error imposed only by the time integration, Re(wy,) — wh, of the
CO2 method for semi-discrete numerical frequencies wy, taken from Table X.

h=31 h=1 h= % h = %
p=1 — 9.7283e-03 2.1439e-03 5.1472e-04
p=2 1.4229e-02 2.9674e-03 7.3172e-04
p=3 6.0353e-03 1.4930e-03 3.7292e-04

negative imaginary part indicates numerical dissipation. A non-negligible positive
imaginary part would mean instability.

We show the frequency errors of the time-integration schemes SSPRK(4, 3),
CO2 and LEX4 in Tables XII-XIV. They show that the frequency error of the
time-integration method is at least an order smaller than the one of the DG method,
as long as the order of the time-integration method is on a par with the order of
the DG method. When this is not the case, such as when CO2 is used for p = 2 or
p = 3, the frequency error of the time integration is commensurate with, or exceeds
that of the DG discretisation.

Composition methods, such as CO2 and CO4, are known to be non-dissipative
[37]. Thus combining them with a symmetric spatial discretisation results in an
energy-conservative fully-discrete discretisation. Global Richardson extrapolation
based on a composition method naturally inherits this property. However, local
Richardson extrapolation may introduce a slight dissipation even when based on a
non-dissipative scheme such as CO2. We show this in Table XV and note that the
error is generally too small to have a real impact on simulations arising in practice.
By comparison, the SSPRK(4, 3) scheme introduces a much more significant level
of dissipation, shown in Table XVI.

Finally, we note that if a time-dependent boundary condition is used in (5.1)
instead of a homogeneous one, order reduction may occur. See [11] for the possible
effects of this.

5.6 Concluding remarks

We have investigated the time-dependent second-order Maxwell equation in three
spatial dimensions. A direct comparison between the high-order DG-FEM and the
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Table XIV: Frequency error imposed only by the time integration, Re(w}) — wp, of
the LEX/ method for semi-discrete numerical frequencies wy taken from Table X. The
negative values indicate that the frequency error caused by the time integration counteracts
that of imposed by the space discretisation.

h=1 =1 = h= %
p=1 -7.9554e-06 -4.0558e-07 -2.3730e-08
p=2 -1.6866e-05 -7.8671e-07 -4.8152e-08 —
p=3 -3.2488e-06 -2.0035e-07 -1.2516e-08 —

Table XV: Imaginary part of the numerical frequency, Im(wy), for the LEXJ time-
integration method, where the semi-discrete numerical frequencies wy are taken from Ta-
ble X. This term is responsible for numerical dissipation.

=1 h=1 h=1 h= i
p=1 — -6.9642e-07 -1.6998e-08 -4.9043e-10
p=2 -1.7825e-06 -3.9053e-08 -1.1891e-09
p=3 -2.3027e-07 -7.0689e-09 -2.2071e-10

Table XVI: Imaginary part of the numerical frequency, Im(wy), for the SSPRK(4, 3)
time-integration method, where the semi-discrete numerical frequencies wy are taken from
Table X. This term is responsible for numerical dissipation.

h=1 h=1 h=1 h= 4
p=1 — _7.5911e-04 -8.0688¢-05 -9.5692¢-06
p=2 -1.33466-03 ~1.3217e-04 ~1.6251e-05 —
p=3 -3.8256¢-04 ~4.7337e-05 -5.9156e-06 —

high-order H (curl)-conforming FEM on both structured and unstructured meshes
was provided when H (curl)-conforming hierarchic basis functions are used. It has
revealed that, in case hierarchic basis functions are used, the computational cost
is already lower for DG-FEM when p = 3, or even p = 2 on unstructured meshes.
The computational tests have highlighted the fact that the inclusion of moderate
conductivity renders many of the popular time-integration methods uncompetitive
owing to a stringent time-step restriction. In these cases, global or local Richardson
extrapolations based on the second-order composition method provide a viable
alternative as they treat the conductivity term implicitly.

Through a numerical dispersion and dissipation analysis, we have also shown
that the spatial discretisation dominates the frequency error as long as the order of
the time integration is at least the same as the order of the spatial discretisation.
Since the semi-discrete system is symmetric and therefore conserves (the discrete)
energy, applying a composition method to integrate in time results in a fully-
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discrete scheme that also conserves (the discrete) energy.






CHAPTER 0

I_ CONCLUSIONS AND RECOMMENDATIONS

In this thesis, we have derived, analysed and implemented high-order finite ele-
ment methods for the Maxwell equations. The work carried out can be briefly
summarised in the following points.

We have shown that by applying the (p 4+ 1)st-order SSP-RK scheme to a
nodal discontinuous Galerkin (DG) spatial discretisation with pth-order poly-
nomials we can retain (p+ 1)st-order convergence in the pointwise lo-norm. It
has been also demonstrated, through numerical Fourier analysis, that for this
method the fully discrete scheme is both dispersive and dissipative. However,
the rate of convergence for the dispersion and dissipation error is higher than
that of the pointwise {2-error, and therefore often negligible.

We have provided a framework to implement high-order finite element meth-
ods on tetrahedral meshes when hierarchic H (curl)-conforming basis func-
tions are used. We have highlighted, through a simple example, a possible
discrepancy in the definition of one type of basis functions in the construction
of the basis. A simple solution to this problem has also been proposed.

We have derived optimal penalty parameters and error estimates for symmet-
ric discontinuous Galerkin discretisations of the second-order time-harmonic
Maxwell equations. Numerical examples on three-dimensional meshes have
been presented to verify the sharpness of the theoretical estimates and also
to show asymptotic convergence.

For the time-dependent second-order Maxwell equation, we have provided
a direct comparison between the high-order DG-FEM and the high-order
H (curl)-conforming FEM on both structured and unstructured tetrahedral
meshes. It has revealed that, in case H(curl)-conforming hierarchic basis
functions are used, the computational costs are already lower for DG-FEM
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when p = 3, or even p = 2 on unstructured meshes. We have also highlighted
that conductivity renders many of the time-integration methods uncompet-
itive, in which cases global or local Richardson extrapolations based on the
second-order composition method may be the alternative.

It is also clear, however, that many research questions have remained unanswered.
Without aiming for completeness, we list those that could be the most direct con-
tinuations of the research presented here.

e Despite the improvements presented in this thesis, the CFL condition of high-

order finite element methods is still too restrictive, since it is proportional to
the inverse of the polynomial order. For the advection equation, it is possible
to get rid of this dependence by the use of covolume filters. However, the
generality of this approach is still to be investigated.

The motivation behind using hierarchic H (curl)-conforming basis functions
in several chapters of this thesis is that they are extremely useful in hp-
adaptation. Therefore, a natural extension of this work would be to im-
plement an hp-adaptive algorithm for the Maxwell equations. The key in
such an algorithm is the error estimate on which the subsequent refinement
strategy is based. A posteriori error estimates would, in principle, serve
this purpose well, but they are not yet sufficiently accurate for high-order
H (curl)-conforming FEM and DG-FEM.

The relative poor performance of the H(curl)-conforming FEM compared
with DG-FEM for the time-dependent second-order equation provides food
for thought. One of the reasons is the bad conditioning of the mass matrix
that result from hierarchic bases. This suggests that the use of more ad-
vanced preconditioning techniques may significantly improve the performance
of the H (curl)-conforming FEM. Similarly, the DG-FEM discretisation of the
time-harmonic second-order equations suffers from slow convergence of the
iterative solver, mainly owing to the indefinite nature of the system. An
appropriate preconditioner should greatly improve the performance of high-
order DG-FEM on tetrahedral meshes.
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SUMMARY

This thesis discusses numerical approximations of electromagnetic wave propaga-
tion, which is mathematically described by the Maxwell equations. These equations
are typically either formulated as integral equations or as (partial) differential equa-
tions. Throughout this thesis, the numerical discretisation (i.e. approximation) of
the partial differential equations is considered. More specifically, out of the nu-
merous existing discretisation techniques this work focuses on H (curl)-conforming
high-order finite element methods (FEM) and high-order discontinuous finite ele-
ment methods (DG-FEM) for the Maxwell equations.

One of the first, and most obvious, questions in designing a high-order FEM
and DG-FEM is the choice of basis functions. The Maxwell equations have a spe-
cial geometric structure. If that is not well-represented by the basis functions, the
numerical approximation may lead to spurious, non-physical solutions. Another im-
portant feature of a high-order basis is hierarchy. A hierarchic construction makes
it easier to use different orders of approximation in different parts of the compu-
tational domain. The discussion of a set of basis functions that both preserve the
geometric structure of the Maxwell equations — that is H (curl)-conformity for the
formulations used in this thesis and have a hierarchic structure forms part of the
work presented here. In particular, Chapter 3 addresses the major difficulties with
the implementation of the basis, especially with ensuring the H(curl)-conforming
property of every basis function. In Chapter 5, the high-order hierarchic H (curl)-
conforming FEM is then successfully applied to the time-dependent Maxwell wave
equation in three spatial dimensions.

It is possible to introduce additional flexibility in the FEM by allowing the dis-
crete representation of the solution to be discontinuous. In the resulting DG-FEM
it is less important to mimic the geometric structure of the original equations in the
definition of the basis functions. Rather, the job is then done by the definition of
the numerical fluxes the functions that are responsible for coupling the informa-
tion between the discontinuous elements. As a consequence, the use of nodal basis
functions, which are neither hierarchic nor H(curl)-conforming, have proved highly
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popular, largely because it allows for a very efficient implementation. In Chapter 2,
the nodal approach is applied to the first-order time-dependent Maxwell system in
one and two dimensions. Having a hierarchic structure of the basis functions is,
however, still advantageous in the DG-FEM when using varying-order approxima-
tions. In Chapter 4, the H(curl)-conforming basis is implemented in the DG-FEM
framework for the second-order time-harmonic Maxwell wave equation in three di-
mensions. An optimal estimate of the penalty parameter in the numerical flux is
derived, which is especially useful in providing guidance on how and where to strike
the balance between stability and computational efficiency.

High-order discretisation in space generally requires high-order discretisation
in time. One family of the most widely-used high-order time-integration methods
applied in combination with DG-FEM are the strong-stability-preserving Runge-
Kutta (SSPRK) methods. In Chapter 2, the SSPRK method is implemented in
a way that its order of accuracy matches that of the space discretisation. The
resulting fully-discrete scheme is shown to be computationally more efficient than
many of the alternatives using a fixed-order time-integration method. However,
if the computational domain contains conductive materials, as is often the case,
explicit RK methods, such as SSPRK, are no longer suitable. In that case, a
time-integration method is needed that treats the conductivity term in an implicit
manner. Chapter 5 describes such time-integration methods when they are ap-
plied to both H(curl)-conforming FEM and DG-FEM semi-discrete schemes of the
second-order time-dependent Maxwell wave equation in three-dimensions.

All the different forms of the Maxwell equations presented in this thesis de-
scribe wave propagation. It is therefore natural to ask how and whether a given
numerical scheme affects the basic properties of the wave, such as dispersion and
dissipation. In Chapter 2, the SSPRK-DG method is shown to be both dispersive
and dissipative, albeit the dispersion and dissipation errors are often too small to
matter much in many practical applications. By contrast, some of the methods
described in Chapter 5 conserve the discrete energy, i.e. they are non-dissipative.
They still induce numerical dispersion but, as in the case of SSPRK-DG, this is
generally less of a worry if the order of the scheme is increased.



